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THE FREE ENTROPY DIMENSION OF HYPERFINITE VON NEUMANN ALGEBRAS 


KENLEY JUNG 
For my parents 


Abstract. Suppose M is a hyperfinite von Neumann algebra with a normal, tracial state p and 
{ai,..., a„} is a set of selfadjoint generators for M. We calculate (5o(ai,..., an), the modified free 
entropy dimension of {oi,..., a„}. Moreover we show that So(ai,..., a„) depends only on M and 
if. Consequently So(ai,... ,a„) is independent of the choice of generators for M. In the course 
of the argument we show that if {6i,..., 6„} is a set of selfadjoint generators for a von Neumann 
algebra TZ with a normal, tracial state and {bi,... ,bn} has hnite dimensional approximants, then 
<5o(A) < 6o{bi,..., bn) for any hyperhnite von Neumann subalgebra N of TZ. Combined with a re¬ 
sult by Voiculescu this implies that if TZ has a regular diffuse hyperhnite von Neumann subalgebra, then 

6o{bi,...,bn) = 1 . 


1. Introduction 

Suppose G is a group. Consider the Hilbert spaee L‘^{G) where G is endowed with eounting 
measure and for eaeh g & G write Ug for the unitary operator on L‘^{G) defined by K(/))(a) = 
f{g ^a). Define the group von Neumann algebra L{G) to be the von Neumann algebra generated by 
{ug : (yf G G}. It is not too hard to show that L{G) is a factor (i.e, a von Neumann algebra such that 
if X G L{G) commutes with every other element in L(G), then x is a scalar multiple of the identity 
function) iff every nontrivial conjugacy class of G is infinite. By definition the free group factor on m 
generators is L{Fm) where Fm is the free group on m generators. 

Almost two decades ago Dan Voiculescu began to develop a noncommutative probability theory 
modeling the free group factors. The theory takes the notions of classical probability and trans¬ 
forms them into ones suited for noncommutative analysis. Random variables become elements in 
von Neumann algebras, expectations turn into normal, tracial states, and in this particular probability 
theory, independence always immediately follows the word ‘free.’ To clarify the last statement sup¬ 
pose M is a von Neumann algebra with a normal, tracial state g) and {Aj)j^j is a family of unital 
*-subalgebras of M. {Aj)j^j is a freely independent family provided that for any ji,..., jp G J with 
ji 7^ ■ ■ ■) jp-i 7^ Jpj tti G Aj^ 

(p{ai) = ■ ■ ■ = ip{ap) = 0 ^ (y9(ai • • ■ Op) = 0. 

A family of subsets of M is freely independent if the corresponding family of unital =t:-subalgebras 
the subsets generate is freely independent. The definition generalizes the situation in L(Fm). L{Fm) 
has a unique normal, faithful, tracial state given by ip{x) = (x^,^) where ^ is the characteristic 
function of the identity of Fm- If the generators for Fm are gi,. ■ ■ ,gm, then one easily checks that 
[ug^y, [ug^y” are freely independent. 

The parallels between classical and free probability go far and the interested reader can consult [8] 
for a general introduction. 

On the operator algebra side, free probability has answered some open problems in operator alge¬ 
bras. Developing the ideas of free entropy and free entropy dimension Voiculescu shows in [10] that 
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the free group factors possess no Cartan subalgebras (the first known kind with separable predual). 
Ge shows in [3] that the free group factors cannot be decomposed into a tensor product of two infinite 
dimensional factors (again, the first known kind with separable predual) and similarly in [6] Stefan 
shows that the free group factors are not the 2-norm closure of the linear span of a product of abelian 
*-subalgebras. 

In this paper we take a look at what free entropy dimension has in store for the most tractable kind 
of von Neumann algebras: those which are hyperfinite and have a tracial state. However, free entropy 
dimension being the nontrivial machine that it is, we review its definition and basic properties before 
stating our results. 

1.1. Definitions and Properties. We recall the concepts of free entropy and modified free entropy 
dimension introduced in [9]. For /c, n G N write M^“(C) for the set oikxk self-adjoint matrices with 
complex entries and (M^“(C))” for the set of n-tuples of elements in Suppose ai,..., a„ G 

M are self-adjoint. Given i? > 0, m, /c G M, and 7 > 0 define ... ,an;rn, k, 7 ) to be the 

set of (xi,... ,Xn) G (M^“(C))” such that for each j ||a;jH < R and for any 1 < p < m and 
1 <n 


\trk{xj^ ■ ■ ■ Xj^) - <p(aj, ■ ■ ■ | < 7. 

Here trk denotes the tracial state on Mk{C), the k x k matrices over C. If bi,... ,bi G M, then 
r^(ai ,... ,an ■ 61,...,m, /c,7) denotes the set of all (xi,..., Xn) G (M^“(C))"^ such that there 
exists a (pi,..., p;) G (M^“(C))^ satisfying 

(X]^, . . . , f/l? • • • 5 Ul) ^ . . . , b\^ • • • 5 bi^ TYl^ /c, 7)* 

For any d G N denote by vol Lebesgue measure on (M^“(C))‘^ (or a subspace thereof) with re¬ 
spect to the unnormalized Hilbert-Schmidt norm \\{ziZ(i)\\2 = i^^j=iTr{zj))^ whereTristhe 
unnormalized trace. One successively defines for any 7 > 0 and m, G N 

Xniai,... ,an : bi,... ,bi;m,k,'y) = k~‘^ ■ log(vol(r/j(ai ,..., an '. bi,... ,bi;m, k,'j))) + - logk, 

Xniai, ...,an-.bi,...,bi;m,'y) = limsup x/j(ai ,..., Zn : bi,... ,bi;m, k,'y), 

k^oo 

Xniai,... ,an: bi,... ,bi) = mf{xR{ai ,..., : 61,..., 67 m, 7) : m G N, 7 > 0 }, 


• • • ) ■ bi, . . . , bl) sup ■ ■ ■ ) • ^1) • • • ) bi). 

R>0 

x(ai, ..., On : &i, ..., &z) is called the free entropy of oi, ..., in the presence of 61 ,..., bi. Replac¬ 
ing the microstate spaces above with TR{ai,... ,an]rn, k, 7) yields x(ai, ..., a„) which is simply 
called the free entropy of oi, ..., a„. 

Now suppose {si, ..., Sn} is a set of freely independent semicircular elements in M (by this we 
mean that is a family of freely independent sets such that for each 1 < j < n Sj is self- 

adjoint and for any d G N (p(sj) = | — Rdt) such that the von Neumann algebra they 

generate is freely independent with respect to the strongly closed algebra generated by {oi, ..., a„}. 
Define the modified free entropy dimension of {oi, ..., a„} by 


5o(i2i, • • • , On) 


x(ai -t- esi,..., On + €Sn : si,..., Sn) 

hm sup---j- 

I log e I 
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One can view the modified free entropy dimension as a noncommutative analogue of the Minkowski 
dimension. Given S C the Minkowski dimension of S is d + lim sup^^o where [x 

is Lebesgue measure on and N^{S) is the e-neighborhood of S (technically this is the upper 
Minkowski dimension of S). The Minkowski dimension defined for S turns out to be the same as 
the metric entropy quantity limsup^^g where Pe{S) is the maximum number of points in an 

e separated subset of S (the e packing number of S). We will have more to say about the connections 
between Minkowski/metric entropy and free entropy dimension. 

Here are a few basic properties of do, all of which are proven in [10]: 

• For 1 < j < n do(ai ,..., a^) < do(ai ,...,%) + do(aj+i ,..., a„). 

• For any a = a* e M 6o{a) = 1 - Etesp(a) (A({t}))^ where A is the Borel measure on sp{a) 
induced by (p. 

• If x(ai, • • •, On) > -oo, then (5o(ai,..., a„) = n. 

• If ai,..., a„ are freely independent, then (io(ai, • • •, an) = (5o(ai) + • • • ^o(an)- 

Unfortunately, it is not known whetherfio is an invariant of von Neumann algebras with tracial states, 
i.e., if { 6 i,..., bp} and {oi,..., a„} are two sets of self-adjoint generators for M(this means that 
each set generates a strongly closed algebra equal to M and each element of the set is self-adjoint), 
then does it follow that (5o(ai, • • •, Un) = do{bi,... ,bp)l An affirmative answer to this question would 
show that for m ^ n L{Fm) is not ^-isomorphic to L{Fn) for it is well known that for any m G N 
there exist m semicircular generators si,..., Sm for L{Fm) which satisfy (5o(’Si,..., Sm) = m. 

1.2. Results. We show that for hyperfinite von Neumann algebras with specified tracial state (5o is an 
invariant. More specifically, suppose M is a hyperfinite von Neumann algebra with normal, tracial 
state (f. By decomposing M over its center it follows that 

M ~ Mo © (C)) © Moo 

ip ~ aoipo © (©-^lajfrfc,) © 0 

where s G N1J{0} a* > 0 for 1 < i < s (i G N), Mg is a diffuse von Neumann algebra or 

{0}, (po is a faithful, tracial state on Mg and cio > 0 if Mg 7 ^ {0}, (po = 0 and gq = 0 if Mg = {0}, 
and Moo is a von Neumann algebra or {0}. We show that for any self-adjoint generators oi,..., 
for M 


(5o(ai, . . . , Qn) — 1 — -j^. 

i=l ^ 

Because every such M has a finite set of self-adjoint generators it makes sense to define 5o{M) = 
6o{ai,..., an) where (oi,..., a„} is a set of self-adjoint generators for M. It follows that for any 
/c G N (5g(Mfc(C)) = 1 — ^ and if M is the hyperfinite J/i-factor, then 5q{M) = 1. The calculations 
also show that for hyperfinite M the free entropy dimension number we obtain for M coincides with 
the ‘free dimension’ number for M which appears in Dykema’s work [2]. 

As a consequence of the arguments leading towards the above result we obtain a ‘hyperfinite mono¬ 
tonicity’ property of (io which says the following. Suppose M is an arbitrary von Neumann algebra 
with specified tracial state and self-adjoint generators Oi,..., a„. Assume moreover that {oi,..., a„} 
has finite dimensional approximants, i.e., for any m G N, e > 0, and L > max{||aj||}i<i<„ there ex¬ 
ists an G N such thatfor all A; > V ..., a„; m, k, e) 7 ^ 0. If A^ is ahyperfinite von Neumann 
subalgebra of M, then 


6o{N) < (5g(ai,... ,a„). 
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Hyperfinite monotonicity of (5o paired with a result by Voiculescu ([10]) show that if M has a regular, 
diffuse, hyperfinite von Neumann subalgebra, then (5o(ai, • • •, On) = 1 (see Remark 4.8). 

The gist of the argument is simple: Essentially (5o(ai, • • •, a,n) is the normalized metric entropy of 
the unitary orbit of a well-approximating microstate for {oi,..., a„}. Suppose M is hyperfinite with 
specified tracial state and self-adjoint generators {oi,..., a„}. x(oi -f esi,..., -I- es„ : Si,..., s„) 

is more or less the normalized logarithm of the volume of the e-neighborhood around the microstates 
of {oi,..., ttn}. M being hyperfinite any two such microstates are approximately unitarily equivalent 
so xia-i + esi,... ,an + esn : si,..., Sn) is a limiting process calculated from k~‘^ times the logarithm 
of the volume of the e-neighborhood of the unitary orbit of a single microstate for {oi,..., a^}. 
Dividing this quantity by | log e| and adding n is close to k~‘^ multiplied by the Minkowski dimension 
of the unitary orbit of the microstate or equivalently, the metric entropy of the set. Very roughly then, 
(5o(ai, • • •, a-n) is the normalized metric entropy of the unitary orbit of a single well-approximating 
microstate for {oi,..., a„}. 

The calculations require more delicacy than we’ve let on for we must first fix an e and find the 
volume bounds/packing number bounds with respect to e not merely over one microstate in one di¬ 
mension but over one microstate for each dimension (because the first process in free entropy takes a 
limit as the dimensions go to infinity). Weak inequalities reduce this to either the investigation of uni¬ 
form bounds on the packing numbers of homogeneous spaces obtained from Uk, the k x k unitaries, 
or to 5o{a) where a is a self-adjoint element. In the former case we make crucial use of the results of 
Szarek ([7]) and Raymond ([5]). The latter situation dealing with (5o(a) has already been discussed. 

We break up the paper into calculating upper and lower bounds for (5o(ai, • • •, Un) where Oi,..., 
are arbitrary self-adjoint generators for hyperfinite M with specified tracial state. Section 2 is a short 
list of notation and assumptions we make throughout the paper. Section 3 obtains the upper bound for 
general M. Section 4 shows that if {ai,..., a„} is a set of self-adjoint generators of a diffuse (arbi¬ 
trary, i.e., not necessarily hyperfinite) von Neumann algebra with a tracial state and {oi,..., a^} has 
finite dimensional approximants, then (io(ai, • • •, dn) > 1. In particular this yields the desired lower 
bound for diffuse M. Section 5 obtains the lower bound when M is finite dimensional and Section 6 
combines the results of Sections 4 and 5 to arrive at the general lower bound. Section 7 gleans imme¬ 
diate corollaries (including hyperfinite monotonicity of (io) and comments on the relation of 5q{M) 
to Dykema’s free dimension [2]. Section 8 is an addendum where we prove some consequences of 
Szarek’s metric entropy bounds of homogeneous spaces. 

2. Definitions and notation 

Throughout this paper we maintain the notation in the introduction. Also we assume throughout 
that M is a von Neumann algebra (not necessarily hyperfinite) with separable predual, a unit /, and 
a normal, tracial state (p. {si : i E N} is always a semicircular family free with respect to M. 
{ai,..., dn} C M is a set of self-adjoint generators for M with finite dimensional approximants. 
R = max{||ai||}i<j<n. Lastly, | ■ I 2 is the norm on Mk{C) or the seminorm on M given by \x \2 = 
{trk{x*x ))2 or \x \2 = {(p{x*x)) 2 , respectively. 

3. Upper Bound 

Throughout the section assume that M is hyperfinite and is a finite dimensional *-subalgebra of 
M containing I. Also assume N has self-adjoint generators { 61 ,..., 6 „} such that each R has operator 
norm no larger than R. For any k eN and e > 0 T( 6 i,..., 6„; /c, e) denotes 

{(ti, ..., Xn) E (M^“(C))”; there exists a *-homomorphism a : N ^ Mfc(C)such that for all 

1 < i < n \cr{bi) — Xi \2 < e and Wtr^ o a — v^IatH < e^}. 



THE FREE ENTROPY DIMENSION OF HYPERFINITE VON NEUMANN ALGEBRAS 


5 


We show that 5o(ai,..., a^) < 1 — W where the Oj and ki are as in the canonical decom- 
position of M discussed on page 3 of the introduction. The argument proceeds in several easy steps. 
Firstly xia-i + esi,..., + esn : si,..., is dominated by a number calculated more or less from 

vol(T( 6 i ,... ,bnik, e)). Secondly, T( 6 i ,... ,bnik, e) is contained in the neighborhood of a restricted 
unitary orbit of any single element in T( 6 i,..., : k,e). Szarek’s packing number estimates provide 

appropriate upper bounds for the volume of the neighborhoods of such orbits. Finally by approximat¬ 
ing M by fine enough finite-dimensional *-subalgebras N of M, standard approximation arguments 
yield the promised upper bound. 

The first lemma presented below is standard and we omit the proof. It amounts to saying that matri- 
cial microstates for self-adjoint generators of a finite dimensional von Neumann algebra correspond 
to approximate representations. 

Lemma 3.1. For each e > 0 there exist an m G N and 7 > 0 such that for a// /c G N 

TR+i{bi,... ,bn : m,k,'y) C T{bi,... ,bn, k,e). 

Lemma 3.1 has a trivial consequence: 

Lemma 3.2. Suppose eo > 0 and max{|aj — bi \2 '■ 1 < i < ri] < cq. For any 1 > e > 0 
x(ai + esi,... ,an + cSn ■ Si,, Sn) is dominated by 

Tl 

limsup k~‘^ ■\og{vol{T{bi,... ,bn;k,3€ + eo))) + —-logk . 

fc—>00 ^ ^ 

Proof. By lemma 3.1 for a given e G (0,1) there exist 2 < m G N and 7 > 0 such that for any /c G N 

TR+i{bi,...,bn,m,k,y) C T{bi,... ,bn,k,e). For 7 ' > 0 if 

(xi,..., Xn) G r^_|_i(ai -f esi,..., a„ -f- es„ : 61 ,..., Si,..., m, k, 7 '), 

then by definition there exists (i/i ,... zi,..., Zn) G satisfying 

(xi,..., yi,..., yni ^ 1 ) • • •) zf) G -f- 6 S 1 ,..., Ojyi -f" eSyj, bi,..., 6 ^, ,..., rn, k^y ). 

By choosing 7 ' < 7 sufficiently small one can force \xi — yi \2 < 2e -f eo for 1 < i < n. Since 

7 ' < 7 {yi,...,yn) G TR+i{bi,... ,bn;rn,k,y) C T{bi,... ,bn] k,e). Consequently {xi,...,Xn) G 
T(&i,..., /c, 3e -f eo). We’ve just shown that 

rn+i(ai + esi ,... ,an + eSn : 61 ,..., 6 „, Si,..., m, /c, y') C T( 6 i,..., 6 ,^; /c, 3e -f eo). 

Basic properties of free entropy imply that x(ai -f esi,..., a„ -f eSn : si,..., s^) equals 

Xr+i(®i + esi,..., a„ + es„ : bi,... ,bn, Si,..., Sn) 

^ Xr+i(®i + esi,..., a„ -f es„ : 61 ,..., Si,..., m, y'). 

By the preceding inclusion the dominating term is less than or equal to 

Tl 

limsup ■ log(vol(T( 6 i,..., 6 „;/c, 3e-f eo))) + — ■ log/c . 


Now for the claim which implies that T(6i, /c, e) is contained in the 2e(l -f \/2R) - neigh¬ 

borhood of a restricted unitary orbit of any single element of T(6i, ... ,bn]k, e). 

Because N is finite dimensional and p is tracial assume from now on that N ~ ©j=iM„^ (C) and 

99 1 TV ^ ®]=iajtrny 
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Lemma 3.3. For any k E N and e > 0 if ai,a 2 : N Mk{C) are *-homomorphisms such that 
\\trk o (Ti — tr^ o (T 2 II < e^, then there exists au E Uk such that 


\u{ai{x))u* - a2(a;)|2 < 2 ||a;||e. 

Proof. Without loss of generality assume that N = (C) © • • • © M„p(C). For any li,... ,lp E 

N 1J{0} with ^ ^ denote by : N Mk{C) the *-homomorphism 


..., Xp) 


'xi © 0 ■ ■ ■ 0 1 


: Xp © Iip 0 

0 • ■ ■ 0 Op+ 1 . 


where Xi © is the ndi x ndi matrix with Xi repeated U times on the diagonal and Op+i is the 
{k — Y7i=i X (k — ^ik) 0 matrix. There exist mi,, nip, ni,... ,np E NU {0} such that 


Cl ~ ^mi,...,mp7 ^2 ^ ^ni,...,np* 

Set di = mm{mi, n*} and observe that if tt = Tidi,...,dp, then for j = 1, 2 \\trk ott — o aj\\ < e^. 
If we can show that for each j there exists a uj E Uk satisfying \uj{aj{x))u* — 7r(a;)|2 < ||a;||e, then 
weTlbedone. A moment’s thought shows that for each j there exists a E UkSuchthatAdujoaj—Ti 
is a *-homomorphism which we’ll denote by pj. Obviously Wtr^ o pj || < so that for any x E N 


[aj{x))u* -7r(a;)|2 = {{tru o pj){x*x)Y/‘^ < (e^ ■ ||a;*a;||)^/^ = ||a;||e. 


□ 


Given (xi,..., Xn), (j/i, ... ,yn) E T{bi,... ,bn] k,e) there are representations a,n : N ^ M^iC) 
such that for 1 < i < n \<j{bi) — a;j| 2 , |'7r(&i) — yi \2 < e and \\trk o a — v^IatH, \\trk o tt — v^IatH < e^. 
So \\trk o a — trko 7 r|| < 2e^. By Lemma 3.3 there exists au E Uk satisfying 

\u{a{bi))u* - 7 r( 6 i )|2 < 2||6j||(A/2e) < 2s/2Re 

for 1 < i < n. Thus \uXiU* — yi \2 < 2e + 2s/2Re = 2e(l + V2R). From now on for x e Mff{C) 
and 7 > 0 define B{z,y) = {x E M^“(C) : \x — x |2 < 7 }. We’ve just proved: 

Corollary 3.4. If{xi,..., Xn) E T{bi,... ,bn',k, e), then T{bi,... ,bn',k, e) is contained in 

[B{uxiu*, 2e(l + V 2 R)) X ■ ■ ■ X B{uXnU*, 2e(l + s/2R))]. 

u&Uk 

We remark here that Lemma 3.1, Lemma 3.3, and Corollary 3.4 also holds in the situation where 
N does not contain /. 

We now draw out a trivial consequence of Szarek’s estimates for covering numbers of homogeneous 
spaces. These results are the heart of the calculation of the upper bound. 

For k E N suppose m, /ci,..., k^, /i,..., /„ G N, kih = k, and H C Uk is a proper Lie 
subgroup of Uk consisting of all matrices of the form 

Ml © 4i ■ ■ ■ 0 

0 ■ ■ ■ Um © Ikrn 

where Ui E Ul^ and Ui © 1^. is the Uk x Uk matrix obtained by repeating Ui U times along the 
diagonal. Such Lie subgroups H of Uk will be called tractable. 

A simple application of Theorem 11 in [7] yields: 
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Lemma 3.5. There exist constants C, (3 > 0 such that for any /c G N, any tractable Lie subgroup H 
ofUk and e G (0, {3), 


N{X,e)< 



d 


where X is the manifold 11^/H endowed with the quotient metric induced by the operator norm, d is 
the real dimension of X, and N{X, e) is the minimum number of balls of radius e required to cover 


X. 


We sequester a rigorous demonstration to the Addendum. 


Lemma 3.6. Ifl>r>0, then there exists a /cq G N such that for each k > ko there is a correspond¬ 
ing ^-homomorphism ak '■ N ^ Mkiff) satisfying: 

• \\trk oak- V^lvil < r^- 

• The unitaries Hk ofak{N)' is a tractable Lie subgroup ofUk satisfying 





r — 



< dim{Uk/Hk) < k^ 



E 



Proof Suppose 1 > e > 0. Choose no G N such that X < Set k^ = (no + l)ni ■ ■ - Up. Suppose 
k > ko. Find the unique n G N (dependent on k) satisfying 


nni ■ ■ ■ Up < k < (n + l)ni ■ ■ - rip. 

Setd = nrii ■ ■ - Upid dependent on A;)and find mi,..., m^ G N 1J{0} satisfying Oj — e < ^ < Oi + e 
for each i and YTi=i ^ 1 (the m* depend on k). Set Ifk) = ^ G N1J{0} and lp+i{k) = 

k — Y7i=i li{k)ni. Assume without loss of generality that N = © • • • © Mnp{C) and = 

oilTni © • • • © aptr-np. Define ak ■ N ^ Mk{C) by 


(^1) • • • ) ^n) 


'Ih(k)®xi 0 ■■■ 0 

0 ; 


• ^lp(k) ® 0 

0 ■ ■ ■ 0 0zp+i(fc). 


where is the lp+i{k) x lp+i{k) 0 matrix and I^k) © Xi is the li{k)ni x li{k)ni matrix obtained 

by taking each entry of Xi, {xfjst, and stretching it out into {xfjst ■ Iii(k) where I^k) is the Ifk) x li{k) 
identity matrix. 


1 ^ ^ dm- 

{trk o a){xi, ... ,a;p) = - ■'^li{k) ■ Tr{xi) = ^ 

2=1 2=1 

I > 1 — e so Oj + e > I ■ > (oj — £)(1 — e) > Oj — 25. It follows that \\trk o ak — < 2p5. 

Hk consists of all matrices of the form 


Ml 


In, 0 


0 

0 


Up © Inp 0 

0 Up+i 


where Ui G Lfl^(k) for 1 < 1 < p + 1 and Ui © /„. is the li{k)ni x li{k)ni matrix obtained by repeating 
Ui rii times along the diagonal. Hk is obviously tractable. 
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For a lower bound on dimiUk/H^) we have the estimate: 

/IN V ■\ dfTii kf) 

L+i[k) = k — y - = k — a < rii ■ ■ ■ n„ < — < k ■ e 

n no 

1 = 1 


so that 


dim Hk = Ip+iikf + li{kf < fcM £ + 


(ttj + e)^ 




<k^ 3pe + J2^2 


^ nf 


Hence, dim{Uk/Hk) = /c^ — dim Hk is bounded from below by /c^(l — 3pe — X]r=i 
For an upper bound on dim{Uk/Hk) observe that dim Hk > Y7i=i hik)"^ whence 


P 

i=l ri? / 


diin{Uk/Hk) = k'^ — dim Hk < k^ — li{kY < k^ (l — — 2 —^ 




k^ 1 + 4£-V^ . 


1=1 ^ 


Set £ = 


We now make the key calculation on the upper bound of lemma 3.2. 


Lemma 3.7. For min{/9, C} > e > 0 

TX ~\ 

limsup ■ log(vo/(T(&i,..., 6^;/c, e))) + - ■ log/c < log(e”“'^) + logD 

/c —>00 ^ 

where A = 1 — Ym=i ^ D = {8{R + l))"^C''^[(2e) 2 ]. 

Proof. Suppose min{/9, A} > e > r > 0. By lemma 3.6 there is a /cq G N such that for each k > ko 
there exists a ^-homomorphism ak '■ N ^ Mk{C) satisfying \\trkoak — (p\N\\ < and the additional 
condition that if Hk is the unitary group of ak{N)', then Hk is tractable and 

dim{Uk/Hk) < /c^ + r - . 

2 

Set dk = dim{Uk/Hk) and = —r + There exists a set < Uk,s >s&Sk contained in Uk 

such that for each u e Uk there exists an s G S'*; and h e Hk satisfying ||m — Uk,sh\\ < e and Sk has 

cardinality not exceeding 

Set L = 8{R + 1). I claim that 

T{bi, ...,bn;k,€)c |J [B{uk,scrk{bi)ul,., Le) x ■ ■ ■ x B{uk,sO-k{bn)ul^^, Le)]. 

Suppose (xi, ...,Xn) G T(6i,..., A;, e). Clearly (afc(&i),..., ak{bn)) G T(6i,..., A;, e). By 

Corollary 3.4 there exists au E Uk such that for all 1 < A < n \xi — uak{bi)u *\2 < 2e(l -f \/2R). 
There exists an s G S'^ and h E Hk such that ||m — Uk,sh\\ < e. Now 

\uak{bi)u* - Uk,s(Xk{bi)u*kj2 = \uak{bi)u* - Uk,shak{bi)h*u*kj2 

< \\u - Uk,sh\\ ■ \(Jk{bi)u*\2 + \uk,shak{bi)\2 ■ ||m* - h*u*kj\ 

< 2eR. 

Hence for all 1 < A < n \xi- Uk,sCPk{bi)ulj 2 < 2e(l + V2R) + 2eR < Le. 
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By the inclusion demonstrated in the preceding paragraph log(vol(T(6i,..., /c, e))) is domi¬ 

nated by 


log l^fcl 


TT 2 




(r(f+ i)y 


= log ySk 

< ■ log 


{tt^ L'^k^e'^y 

(r(f + 1 ))' 


If 

2 

1—m 


< k"^ ■ log{7i^L^C^-^^k^e^-^+^^) - n ■ log 


^■logT ( y+ 1 


V2e, 


= r ■ log(7r2 


T T ^n-ly-rrir 


nk^ 


\ogk + k‘^ log[(2e) 2 


provided k > /cq- lim sup^^^^ [k ^ log(vol(T(&i,..., /c, e))) -|- | ■ log /c] is therefore dominated 

by 

) + log[(2e)t] = log(e"-'+”^’') + log(7rtL"C''-”^’-[(2e)?]). 


lim sup(log(7r 2 L”C 

fc —>00 

Hence 

1—A 


^ 1+mr 


log(e"-"") + logD = log(e’^-^) + log(7rtL’^C'^[(2e)t]) 

n-i+mr^ + log(7r5L"C'i-”^’'[(2e)t])] 


= lim [(log(e" 

r^O 


n 


> limsup k ■ log(vol(T(6i,..., /c, e))) H—-log/c 

k—>oc i 2 


□ 


If M is finite dimensional, then lemma 3.7 yields the desired upper bound for (5o(ai, • • • ,an)- 
With just a few more easy observations Lemma 3.7 allows us to bootstrap the upper bound for 
5o(ai, • • •, Om) in the general situation. 

If S is a finite dimensional von Neumann algebra with a positive trace ip and B ~ ©|^^Mg.(C), 
tjj ~ ®l^iritrq., define A^{B) = 1 — ALi Clearly A^{B) is well-defined. 

Lemma 3.8. If A d B is a unital inclusion of finite dimensional von Neumann algebras, and ip is a 
positive trace on B, then A^{A) < A^{B). 

Proof By assumption B ~ ®]=iMq.{C) and f ~ ®]=irjtrq. for some s, gi,..., gs, ti, • • •, © G N. 
A is ^-isomorphic to for some d,pi,... ,pd G N. Denote {Aij)i<i<d,i<j<s to be the 

inclusion matrix of A into B with respect to the dimension vectors {pi)f=i and for A and B, 

respectively. Since A C B is a unital inclusion 


d s 

EE 

1=1 j=i 


{AijPiTj 


|2 1 s d .2 2 s 2 

'_i ^ sr^sr^PAiPf > "sy Li 

„2 E—/ E—/ ^2 E—/ rp ' 

j=l i=l ^3 j=l 


^) < 1 - Ai=i -p - a^{b). 


A*(/i) = 1 - E“., ((EE „ , 

Lemma 3 . 9 . ( 5 o(ai, • • •,On) = ■ ■ ■ ,cin,I)- 

Proof By Propositions 6.4 and 6.6 of [10] and Proposition 6.3 of [9] 

( 5 o(ai, • • • , dm I) E So{dl, . . . , On) + • • • ) dn). 


□ 
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On the other hand since the strongly closed ^-algebra generated by {ai,..., a„} is M, by Theorem 
4.3 of [10] (5o(ai, • • •, a^) < 5o(ai,..., a„, /). □ 

We’re now in a position to calculate the upper bound for (5o(ai, • • •, Un)- By decomposing M over 
its center it follows that 

M~Mo© (©|=iMfc.(C)) ©Moo, (©LiaM^,) © 0 

where all quantities above are as in the introduction. Write li for the identity of M^. (C) for 1 < i < s 
and if Mq ^ {0}, then write Jq for the identity of Mq. A moment’s thought shows that for the purposes 
of the theorem below we can neglect the M^o summand and assume 

M = Mq © (©*^;^Mfc. (C)), ip = aQipQ® (©i=icuf^fci)- 

Theorem 3.10. (io(ai, • • •, Un) < 1 - Ya=i w- 
_ 2 

Proof. Set a = 1 — There exists a nested sequence of finite dimensional *-subalgebras 

of M, {Nm)m=i, such that lJm=istrongly dense in M, for each m G N / G N^, and 
lim^^oo < Oi- This is clear for if Mq = {0}, then for each m define 

Nm = 0 © (©l<j<min{m,s}Affc^. (C)) © C ■ 

Observe that 

min{m,s} 2 

A^(Af„) = 1 - ^ < E 

j=l 3 m<j<s 

lim^^oo = Oi and all the other properties required of the are easily checked. If Mq 7 ^ 

{0}, then there exists a nested sequence of finite dimensional *-subalgebras of Mq, {Am)m=i with 
Iq G Am for each m and lJm=i ^rn strongly dense in Mq. For each m define 

Nm = Am © i®l<j<mm{m,s}Mkj{^)) © C ■ {®m<j<slj)- 

Observe that 

min{m,5} 

Nip (Nm) = 1 + {NdQpQ^Am) — 1) — ^jl^j ~ ( M) 

j=l m<j<s 

min{m,s} 

^ 1 m)'- 

j=l m<j<s 

As m ^ 00 the dominating term above converges to a so limm^oo Np{Nm) < oi (existence of 
the limit is guaranteed by Lemma 3.8 and the fact that Nm C Nm+i)- All the other properties of 
the Nm are easily checked. Notice that in either cases lim^^oo Np{Nm) < « and Lemma 3.8 imply 

Np{Nm) < a for all m G N. 

Take a sequence {Nm)m=i constructed above. Suppose min{l,/9/4, C} > e > 0. By Ka- 
plansky’s Density Theorem there exists an mo G N and self-adjoint xi,. ■ ■ G Nmo satisfying 
\xi — ai \2 < e and ||a;i|| < i? for 1 < i < n. Denote by B the ^-algebra generated by {xi ,..., Xn, /}. 
By Lemma 3.2 and Lemma 3.7 xia-i + esi,..., + esn, I + esn+i : si,..., Sn+i) is dominated by 

limsup ■ log(vol(T( 3 ;i ,... ,Xn, I]k, 4e))) + ^ ^ ^ Aogk < log((4e)”’''^“'^'^*^'®^) + logA 

/c—>00 L ^ _ 

log(4’^+^A) 
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where!) = {8{R + Set Do = + 1))”+^(C + 1)6”+^. Clearly 

Do !). 13 HTTiQ ^ umtal melusioii so by L/eimria 3.8 o. Heiiee, 

n + 1 — A^{B) > n + 1 — a. Sinee 0 < e < 1 

log(e’^+^-^^(^)) + log(4”+^D) < log(e’^+^-") + log(4^+^Do). 

Thus, 

X{(ll + €Si, . . . , ttn + €Sn, I + eSn+l ■ Si, . . . , Sn+l) ^ /'.v, i 1 ^ i i 

I loge| 

Do is independent of e so by Lemma 3.9 

■ ■ ■ 1 (^n) ■ ■ ■ ■} (^n: !) ^ 


□ 


v" I I I 


loge| 


(n + 1) + limsup 


■(?T + 1) + O + 


log(4n+iDo^ 

|loge| 


a 


1 - 


^kl 


4 . Weak Hyperfinite Monotonicity 

Throughout this seetion assume bi,... ,bp are self-adjoint elements in M and the strongly elosed 
algebra B generated by the bj is hyperfinite. We will prove that if {6i,..., bp} lies in the ^-algebra 
generated by {ai,..., On}, then 

■ ■ ■ ■} bp) ^ ■ ■ ■ t ®n)- 

This ’’weak hyperfinite monotonie” inequality has signifieant implieations in finding sharp lower 
bounds for (io(ai,..., dn) when M is diffuse. 

The argument is simple, despite the notation whieh shrouds it. Beeause B is hyperfinite matrieial 
mierostates of {6i,..., 6p} are all approximately unitarily equivalent; the proof is nothing more than 
a trivial generalization of Lemma 3.1. It follows that 5o{bi,..., bp) refleets the metrie entropy of 
the unitary orbit of a single mierostate for {bi,..., (provided the mierostate approximates well 
enough). Sinee the bj are polynomials of the a* (and thus images of the a* under Lipsehitz maps), 
the metrie entropy data earries over to the mierostates of {oi,..., a„} and yields lower bounds for 
the metrie entropy of the unitary orbit of a mierostate for {oi,..., a„}. Stuffing this lower bound 
information into the modified free entropy dimension machine we arrive at the above inequality. 

In addition to maintaining the conventions set forth in Section 2 we adopt the following notation in 
this section: 

• For r > 0 (M^“(C))r denotes the operator norm ball of M^“(C) of radius r centered at the 
origin. For any d eN ((M^“(C)),,)‘^ is the Cartesian product of d copies of (M^“(C))r. 

• For d eN,K c (M^“(C))‘^, and u EUk define uKu* to be the set 

{{uxiu*,..., uxdU*) : {xi,... ,Xd) e K}. 

• For d G N and {xi,..., Xd) G (M^“(C))'^ define D(a;i,..., Xd) = {{uxiu *.,..., uXnU*) : u G 
Uk). 

• For e > 0, d G N, and S C (M^“(C))d write Pe{S) for the maximum number of points in an 
e-separated subset of S and M^iS) for the e-neighborhood of S, both taken with respect to the 
metric p((a;i,.. .,Xd), {yi,.. .,yd)) = max{|a;i - yi \2 : 1 <i <d}. 

First we show that matrieial mierostates of {bi,... ,bp} are approximately unitarily equivalent. We 
do this with the following two lemmas, the first of which makes no use of hyperfiniteness. 
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Lemma 4.1. If zi,..., Zp G B are self-adjoint, || 2 :j|| < r for 1 < j < p, and L, 70 > 0, then there 
exist polynomials fi,...,fpinp noncommuting variables such that for 1 < j < p: 

• - Zj\2 < 27o- 

• \\h{K---,bp)\\ <r + l. 

• Foranyk e^and{xi,...,Xp) G fj{xi, ...,Xp) G (M^“(C)),.+i. 

Proof By Kaplansky’s Density Theorem there exist polynomials gi,..., gp'mp noncommuting vari¬ 
ables such that for 1 < j < p: 

• \9j{h,---,hp) -Zj\2 < 70- 

• \\9j{K---Yp)\\ <r. 

• gj{yi,, Up) is self-adjoint for any self-adjoint operators yi,... ,yp. 

There exists an Li > L + r such that for any 1 < j < p and /c G N if (xi,..., Xp) G ((M^“(C))i)^, 
then \\ 9 j{xi ,..., a;p)|| < Li. Define / : [—Ti, Lf —M by 

( t if |t| < r 

fit) = < r ifr<t<Li 

I —r if —Li <t < —r 

For any 1 < j < p f{gj{bi,... ,bp)) = 9j{bi, ■■■,bp) and: 

• \fi9jibi,---,bp)) -Zj \2 < 7o- 

• \\f{9j{bi,---,bp))\\ < r. 

• For any /c G N if (xi,..., Xp) G ((M^“(C))l)^’, then fiyjixi ,..., Xp)) G (M^“(C))r. 

Approximating f uniformly on [—Li, Lf by a polynomial h (to within sufficiently small e > 0) and 
setting fj = ho gj yields the desired result. □ 

Lemma 4.2. Ife > 0 and r > max{|| 6 jH}i<j<p, then there exist m G N and 7 > 0 such that for each 
k eN and (xi,..., Xp), {yi,... ,yp) G rr( 6 i,..., bp] m, k, 7 ) there exists au E Ut satisfying 

\uXjU* — yj \2 < e 

for 1 < j < p. 


Proof. By Kaplansky’s Density Theorem and the hyperfiniteness of B there exist self-adjoint elements 
zi,..., Zp E B which generate a finite dimensional algebra and such that ||;2jj| < r and \zj — bj\2 < e 
for all 1 < J < p. By the remark following Corollary 3.4 there exist mi G N and 71 > 0 such that 
ifro = max{||2:j||}i<^<p, k E N, and ixi,...,Xp), (pi,...,Pp) G ..., 2:p; mi,/c, 71), then 

there exists au E Uk satisfying \uXjU* — yj\2 < e for 1 < j < p. 

By Lemma 4.1 for | > 70 > 0 there exist polynomial /i,..., /p in p noncommuting variables such 
that for 1 < J < p: 

• \fjibi, ...,bp)- zf\2 < 270 < e. 

• \\fjibi,---,bp)\\ <ro + l. 

• For any k E N if {xi,... ,Xp) E ((M^“(C))^)?’, then fjixi, ...,Xp)E (M^“(C))^o+i. 

By making 70 sufficiently small it follows that for any 1 < j < mi and f < ii,... ,ij < p 

|/ij(6i,...,6p)---/i,(6i,...,6p) -^7 ••■^7.12 < 7 i- 
Hence by choosing m G N large enough and 7 > 0 small enough if k E N and (xi,... ,Xp) E 
Tribi, ...,bp]m, k,y), then \ fjixi, ...,Xp)- Xj \2 < ..., &p) - bj \2 + e for 1 < j < p and 

(/i(a;i,..., Xp),..., /p(xi,..., Xp)) E r^o+i(^i, ...,Zp]mi,k, 71). 

Finally suppose k eN and (xi,..., Xp), (pi ,... ,yp) E Tribi,... ,bp] m, k, 7). For any 1 < j < p 

\fjixi,...,Xp)-Xj\2 < \fjibi,...,bp) -bj\2 + e < \zj -bj\2 + 2 e < 3 e. 
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Similarly for 1 < j < p \fj{yi,, i/p) — yj \2 < 3e. By the preceding two paragraph there exists 
a u & Uk such that for 1 < j < p \ufj{xi,... ,Xp)u* — /j(pi,... ,Pp )|2 < e. So for I < j < 
p \uXjU* — yj \2 < 7e. □ 

In the next lemma suppose r > max{||6j||}i<j<p. 

Lemma 4.3. For each 0 < e < 1 there exist corresponding nie E N and % > 0 such that if 
L > 0 and {{x^i\ ..., is a sequence satisfying {x^i \ ..., x^p"*) G (M^“(C))^/or all k and 

{x^i \ ..., x^'^) G rr(&i ,... ,bp] rUe, k, yfjfor sufficiently large k, then 

limsup[A;“^ ■ \og{P^L{U {xf'\ ... > Xr{bi + esi ,... ,bp + eSp : Si,..., Sp) + p\ loge| - Kq 

/C—>00 

where Kq = p ■ log((2 + L)^/2TTe). 

Proof. Suppose 0 < e < 1. By Lemma 4.2 there exist G N and 7 ^ > 0 such that if /c G N, 

{zi, ...,Zp)E r^(6i + esi,..., 6p + eSp : Si,..., Sp; k, yf), 

and (xi,..., Xp) G Tr{bi ,..., 6p; k, yf), then there exists au E Uk satisfying \uxju* — Zj \2 < 2e 
for 1 < j < p. 

Assume {{x^i\ ..., Xp^'^))'fLi satisfies the hypothesis of the lemma with andy^ chosen according 
to the preceding paragraph. For sufficiently large k 

r^(6i + esi,..., 6p + eSp : si,.. .,Sp\m^, /c, 7 e) C M 2 e{U{xf\ .. .,x^p'^)). 

Find an eL-separated set Wk of U ,..., Xp^^) (with respect to the p metric) of maximum cardinal¬ 
ity. M 2 e{U{xf\ ..., 4^^)) C M( 2 +L)e{Wk). For large enough k 


vol(r^(&i + esi,...,&p-feSp : Si,...,Sp;m„A;,7,)) < vol(A/'(2+L)e(W"fc)) 

7r^((2 + L)e\/kY^^ 


< 


fc ■ 


r(¥ + ir 

By the preceding inequality Xr{bi + esi,..., 6p + eSp : si,..., Sp; yf) is dominated by 


lim f 

k- 


< lim sup 

fc—>oo 


= lim sup 

fc—>oo 


sup k ^ ■ log |IFfc|-f plog((2 + L)ev^) - pA; ^ ■ log ^F + | log A; 


k~‘^ ■\og\Wk\+p\og{{2 +L)eYn) - pk~‘^ log \ i — ) |+plogA; 


k ^ ■ \og\Wk\ +plog((2 + L)ey7r) ~ | ' log ) +plogA; 

p 


= limsup[A; ^ ■ log |fFfc| + plog((2 + L)eA/7r) + ^ log(2e)] 

fc—>oo ^ 


= plog((2 + L)V27re) + loge + limsup(A; ^■log|II4|) 


/c—>oo 


= Ffo+ploge + limsup[A; ■\og{PeL{U{xf\... ,xf'^)))]. 


k^OQ 
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By the above calculation Xrih + esi ,... ,bp + eSp : Si,..., Sp) + p\\oge\ — Kq is dominated by 

limsup[A;“^ ■ \og{P^L{U{xf\ ..., 

fc—>oo 

□ 

Write A for the ^-algebra generated by {ai,..., a„}. 

Lemma 4.4. If {bi,..., bp} C A, then there exists an L > Q such that for any 0<e<l,mGN, 
and 7 > 0 there is a sequence \ ..., satisfying {x^i \ ..., Xn"’) G (M^“(C))"/or all k, 

{x‘^i \ ..., Xn^) E k, y) for sufficiently large k, and 

limsup[A;“^ ■log(P 4 ,^(i 7 (a;S''\ ... > X\{bi + esi,... ffipA eSp : Si,..., Sp) +p\ \oge\-Ki 

fc —>00 

where Ki = p ■ log((2 + 4:^/nL)^/2^^e) and A = L{R + 1) + max{|| 6 j||}i<j<p. 

Proof There exist polynomials /i,..., /p in n noncommuting variables and with no constant terms 
such that for 1 < j < p fjiai, • • •, Un) = bj and such that fj of an n-tuple of self-adjoint operators is 
a self-adjoint element. There exists a constant L > 0 such that if k E N and ■ ■ ■ :Vn ^ 

(A4“(C))i!+i, then for all 1 < j < p 

l/j( 6 , • • • ,^n) - fjivi: ■ ■ ■:Vn )\2 < L ■ max{|^i - pija : 1 < i < n} 

and||/,( 6 ,...,en)|| <i:(P+l). 

Suppose 0 < e < l,m G N, and 7 > 0. By Lemma 4.3 there exist an G N and 7 ^ > 0 
such that if {{x^i \ ..., x^p'’))’ff^ is a sequence satisfying {x^i \ ..., x^p^) E {M^°-{C)y for all k and 
{x^i \ ..., x^p'^) E T\{bi,... ,bp', m^, k, yf) for sufficiently large k, then 

limsup[A;“^-log(P 4 ,^i(f/(a;f\ ... , 0 ;^)))] > Xxih + esi,.. .,bp + eSp : Si,... ,Sp)+p| loge|-Pi. 

fc—>00 

where Ki = p- log( (2 + Ay/nL)^/2TTe). By the assumed existence of finite dimensional approximants 
for {oi,..., On] there exists a ko E N such that for each k > ko there is an {x^i\ ..., Xn^) E 
rn+i(ai,... ,an;m,k,y) satisfying 

(fi(x[^\ ..., x^^),fp(x[^\ ..., x^^)) E rybi, ...,bp; m„ k, 7 ,). 

For each k > ko and 1 < j < p set = fj{xf^\ ..., Xn^). It follows that 

limsup[A;“^-log(P 4 , 7 HL(f^(l/f\ • • ■^Vp'^)))] > Xxih + esi,.. .,bp + eSp : Si ,... ,Sp)+p| loge|-Pi. 

fc—>00 

For k > ko and any u,v E Uk, 1 < j < p, observe that L ■ max{|Ma;-^^M* — vxf ^\*\2 : 1 < i < n} 

dominates 


\qj{ux[^^u*, ..., ux^^u*) - qj{vxf\*, ..., vxy'’v*)\2\uyf'^u* - vyf\*\2. 

It follows that for any k > ko 

k-^ ■ \og{P,,y^{U{x^^\ ... ,a;W))) > k-^ ■ \og{P,,y^L{U{y[^\ ... ,pf ))). 
By the last sentence of the preceding paragraph we’re done. 

Theorem 4.5. (Weak Hyperfinite Monotonicity) 7/'{ 61 ,..., bp} C A, then 


□ 


*^0(^1) ■ ■ ■) bp ) ^ (io(ui) • • • ) ®n)- 
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Proof. Consider the constants L and A corresponding to bi,... ,bp in Lemma 4.4. Suppose 0 < 
7 ,e < A and m G N. By Lemma 4.4 there exists a sequence < {x[^\... ,Xn ^) >^i satisfying 
{x[^\ .. ., xli"^) e (M^“(C))” for all /c G N, {x[^\ ..., x^n^) G T r+i (^ai, ..., an;m, k, for 

sufficiently large k, and 

limsup[/c“^-log(P 4 ,^(f/(a;f\ ... > Xxih + esi,... ,bp + eSp : Si,... ,Sp) +p\ loge| - Pi 

fc—>oo 

where Ki = p ■ log((2 + 4:^/nL) ^/2jre). 

By Corollary 2.14 of [11] there is an iV G N such that if k > N and a is a Radon probability 
measure on ((M^“(C))i{+i)^” invariant under the action 


(6, ■ ■ ■ - ■ ■ ,Vn) ^ te, • • • , Cn, UpiU*, ..., UPnU*) 


for u G Uk, then (j{ujk) > \ where 


= {( 6 , • • • , Cn, • • • , ^n) e ((Mf (C))ij+i)^” : {^ 1 , . . . , Cn} and ...,Pn} 

- free}- 

For /c G N write Vk for the atomic probability measure concentrated at {x^i \ ..., Xn^) and rrik for 
the probability measure obtained by restricting vol to T 2 e (esi,..., es„; m, k, and normalizing 
appropriately. Uk x rok is a Radon probability measure on ((M|“(C))ij+i)^” invariant under the Uk- 
action described above. Write Fk for the set of all {zi,... ,Zn) G T 2 e (esi,..., esn] m, k, such 

that { 2 : 1 ,..., Zn] and {xf \ ..., are (m, |^)-free. 

For /c > iV A < (z/fc X mk){ujk) = mk{Fk). Set Ek = . • •, a;n For u G Uk, 

voi{uEkU*) = vol(Pfc) and uEkU* is contained in 

r/j+i+ 2 e(<Ti + esi,..., a„ + eSn : esi,..., es„; m, k, 7 ). 

For each k e N there exists a subset {uk,s)s&Sk ^k such that |S'fc| = Pie^{U {xf \ ..., Xn'^)) and 
for s, s' G Sk with s s' 


max{\uk,sxf'^ul^g - Uk,s'xf''^ul^^,\2 : I < i < n} > Aey/n. 

Since Fk is || ■ ||2-bounded by 2 e\/nk {uk^gEkUl f f]{uk,s'Ekul ^,) = 0 for s, s' & Sk,s s'. Hence 
for k > N vol(ri{+i+2e(ai + esi,..., + eSn : esi,..., eSn', m, k, 7 )) dominates 


vol( IJ Uk,sEkul f = IS'fcl ■vol(Ffc) = \Sk\ -nikiEk) ■ vol(r 2 e(esi,..., es„; m,/c, 7 / 8 ™)) 

s^Sk 

> 1/2- \Sk\ ■vol{r 2 e{esi,... ,eSn,m,k,x/8''^)). 
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By the last sentence of the preceding paragraph 

XJ?+i+2e(fli + esi, ...,an + eSn : esi,..., esn] rn, 7) 

> limsup(/c“^ ■ [log(l/2- \Sk\ ■ vol(r2e(esi,..., es^; m,/c, 7/8”")))] +n/2-log/c) 

/c—>00 

> limsup(/c“^ ■ log(|S'fc|)) + liminf(/c“^ ■ [log(vol(r2e(esi,es„; m, k, 7/8"^)))] + n /2 ■ log k) 

k->oo fc^oo 

> limsup(/c“^ ■ log(|S'fc|)) + X26(esi,..., es„) 

/c—>00 

= \iinsup[k~^ ■ \og{P4,^{U{xf \ ..., xl^^)))] +nlog(eV^) 

/c—>00 

> x{bi + esi ,... ,bp + esp : si,... ,Sp) + p\ loge| + n\og{eV 2 ^) - Ki. 

where we used regularity of {esi,..., esn} going from the third to the fourth lines above, m and 7 
being arbitrary it follows that 


x(ai + esi, ..., On + eSn : Si,..., Sn) > x(^i + c-Si) ■■■,bp + esp : si,..., Sp) 

+ {p — n) ■ \ loge| + n ■ log(v27re) — Ki. 
Dividing by | loge|, taking limsup’s as e —0, and adding n to both sides yields 

Solai,, ttn) P bolbi,... ,bp). 


□ 


Corollary 4.6. If a G M, then (5o(ai, • • •, a^) > (5o(a). 

Proof. Find a sequence in A such that Zk ^ a strongly. By Proposition 6.14 of [9] and Corol¬ 

lary 6.7 of [10] liminffc^oo <^ 0 ( 2 :^) = lim inf<^( 2 :?;) > S{a) = So{a). For each k Zk generates a 
hyperfinite von Neumann algebra; by Lemma 4.2 for each k 5o{ai,..., a„) > 5ii{zk) so the preceding 
sentence yields the desired result. □ 

Corollary 4.7. If M has a diffuse von Neumann subalgebra, then (io(ai,..., Un) > 1- 

Proof Find a maximal abelian subalgebra N of the diffuse von Neumann subalgebra. N has a self- 
adjoint generator a. N must be diffuse since it is a maximal abelian subalgebra of a diffuse von 
Neumann algebra. Consequently a has no eigenvalues. Apply Corollary 4.6. □ 

Remark 4.8. By [ 10] if M has a regular diffuse von Neumann subalgebra, then (5o(ai,..., On) < 1- 
By [4] if there exists a sequence of Haar unitaries such that the sequence generates M as 

a von Neumann algebra and for each j E N Uj+iUjU*_^_i G ..., uj}" , then (5o(ai,..., Un) < 1- 
Combining these results with Corollary 4.7, it follows that for any self-adjoint generators ai,... ,an 
for an M which satisfies either of the two conditions and which is also embeddable into the ultra¬ 
product of the hyperfinite Ili-factor, (io(ai,..., Un) = 1. In other words, (5o is a von Neumann algebra 
invariant for such algebras. In particular, 5 q{M) = 1 when M can be embedded into the ultraproduct 
of the hyperfinite Ili-factor and M has a Cartan subalgebra, M = Ni® N 2 for I Ii-factors Ni and 
N 2 , or when M is a group von Neumann algebra associated to the groups SLn{1f),n > 3. 

5. Lower Bound for Finite Dimensional Algebras 

In this section we calculate the lower bound for (5o(ai,..., On) when M is finite dimensional. 
Without loss of generality assume throughout this section that M = ©f=iMfc,(C) and p = 
where p G N and cij > 0 for each i. The first lemma we present is not necessary but it’s convenient. 

Lemma 5.1. There exists an x E M such that the *-algebra generated by x is M. 
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The proof is not hard and we omit it. 

As in the preceding section the calculation of the lower bound amounts to looking at the packing 
number of unitary orbits of microstates. We use two ingredients. 

For a representation tt : M —Mfc(C) define to be the unitary group of (7r(M))' and = 
Uk/H-j,. Endow with the quotient metric from the | ■ | 2 -metric on Uk- Call this metric on 
The first ingredient is a packing number estimate for certain homogeneous spaces 

Lemma 5.2. There exists a k, > 0 with the property that for every e > 0 there is a corresponding 
sequence {ak)^=i such that for each k au '■ M ^ Mfc(C) is a ^-homomorphism and for k sufficiently 
large: 

• \\trk oak- tW < 

• For each k setting Hk = and Xk = X^j^. we have that Hk is a tractable Lie subgroup of 
Uk satisfying k‘^{A^{M) — e) < dim(Xfc). 

• For any e > 0 


/ K\ dim Vfc 

(-) <P{Xk,e) 

where P{Xk, e) is the maximum number of points in an e-separated subset of Xk. 

We quarantine the proof of Lemma 5.2 to the Addendum, merely noting for now that the argument 
will require some technical modifications to the proofs in [7]. 

From now on fix x as in Lemma 5.1. Given a representation vr : M —> Mk{C) define Un{x) = 
{utt{x)u* : u G Uk} and endow f4(a;) with the inherited | ■ | 2 -metric. For u e Uk denote u to be 
the image of u in X^ and define X^ by fT,{uT:{x)u*) = u. fj, is well-defined for if 

u,v E Uk, ii = V v*u G Ht, un{x)u* = vn{x)v*. 

For the second ingredient recall that in Section 3 covering number estimates with respect to the 
induced operator norm metrics yield the desired upper bounds for (5o(ai, • • •, Un)- Part of the expla¬ 
nation for this lies in the trivial observation that ifu,v G Uk and 2 : G Mk{C), then \uzu* — vzv *\2 < 
2||m — nil ■ | 2 :| 2 . The second ingredient more or less says the reverse: there exists a constant L > 0 
such that (i7r('W, v) < L- \un{x)u* — n7r(a;)n*|2. 

Lemma 5.3. If z,p E Mk{C) with p a projection and zz*,z*z < || 2 ;*; 2 ||p, then there exists a y E 
Mfc(C) satisfying yy* = y*y = p and 

\y - ^j2 < jp- + \p- e|2 < 2 |p - z*zj2 

where e is the projection onto the range of z*z. 

Proof Denote the polar decomposition oi zhy z = u\z\ and use the spectral theorem to write \z\ = 
Pj^j where the Cj are mutually orthogonal rank one projections satisfying ei -f ■ ■ ■ -f- = P 

and /3j >0. Now estimate: 


-i /It -. //<- 

\z-u\l = \u\z\-up\l<\\z\-p\l =pj? < + 

7=1 7=1 

= \p-z*z\l. 

\z — u \2 < \p — z*z\ 2 . Since uu*, u*u < p there exists a partial isometry v such that vv* = p — uu* 
and v*v = p — u*u. So ify = u + v, then yy* = y*y = p. u*u = e whence 
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k “ y\2 < k - u\2 + \v\2 <\p- z*zj2 + (trk(v*v))2 = \p - z*zj2 + {trk{p - 

= \p - z*z \2 + \p - e \2 
< 2 \p-z*z\ 2 . 

□ 

Using Lemma 5.3 we obtain the second ingredient: 

Lemma 5.4. {/^ : for some k eN tt : M ^ Mk{C) is a representation] is uniformly Lipschitz. 

Proof Suppose n : M ^ Mk{C) is a representation. Because | ■ I 2 is unitarily invariant it suffices to 
show that for any u E Uk 

inf \u — h \2 = dT,{fT,{u7r{x)u*), f.„{7i{x))) < L ■ \u7i{x)u* — 7r(a;)|2 

where L > 0 is a constant dependent only on x. 

If u E Uk then set e = \u7r{x)u* — 7r(a;)|2. Denote < >i<i<p,i<j,i<ki to be the canonical s.m.u. 
for M. There exist polynomials in two noncommuting variables < q]i >i<i<p,i<j,i<ki such that for 

any i,j, and I qfi{x, x*) = Set = 7r(ej;^). There exists a constant U > 0 dependent only on 
X such that for any i, j, and / 

\uyp - ypu \2 = \uy^iu* - I 2 < Ce. 

Set K = ki- By the above inequality \uti{I)u* — 7r(/)|2 < CKe. Setting / to be the projection 
onto the orthogonal complement of the range of 7r(/), \ufu* — /I 2 < CKe. Now 


) + /“/]!2 ^ \uyfj -yfjU\2-\\yC\\) + \uf - fu\2- 

< 2CKe. 


For any 1 <i<pC<j,l<ki, 


“ yp^yfj\‘^ ^ \yfj^yfj - yfj^\^ + K/yiY ~ 






,(*),„,(*) I 


< 2^6. 


< \uy\'- - y\Y\^ + I 2 




,(*)i 


By Lemma 5.3 there exists for each l<i<panie Mk{C) such that ViV* = v*Vi = y^l and 


Vi - yiluy^Y < 2|j/l>J/iiM*|/n - i/n b- So 




,(*)i 


\vi - I 2 < 2||j/S|b ■ \uy^ilu* - j/SJI 2 < 2Ue. 

Similarly there exists a n G Mk{C) such that v*v = vv* = / and |t; — /w/b < 2 |/m/m*/ - /b < 
2CKe. 

Consider = (X]i<i<p ) + v. It’s easy to check that 2 : is a unitary and because 2 : 

~ Ti) ~ ~ 

commutes with all the , 2 : E Finally by the last three inequalities of the preceding paragraph, 
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\U 


Z 2 < 


U 


K E 

l<i<pA<j<k, 


(i) (*)^ 

Vjj , 


+ fuf]\2 


\y. 


3j 


(*) (*) I 

yj{Viy\-\2 




+ \fuf -v \2 


< 

< 

< 


ACKe + ^ (\yfj^yfj -+ \y^jluyfj -yfiViy^^]\2) 

ACKe + ^ (2Ce + 

8CKe. 


Set L = 8CK, observe that L is dependent only on x, and that \u — h \2 < \u — z \2 < Le. □ 


Denote L > 0 to be the uniform Lipsehitz eonstant of Lemma 5.4. There exists a polynomial / in 
n noneommuting variables satisfying /(ai,..., a^) = x. There exists an Li >0 sueh that for any 
k eNand^i,...,^n,Vi,---,Vne {M^^{C))r 

1/(6, • • • ,6) - fivi: ■ ■ ■:Vn )\2 < Li ■ max{|^j - yi \2 : 1 < i < n}. 

Denote Pe{S) and U{xi,... ,Xd) to have the same meaning as in Seetion 4. 


Lemma 5.5. If pi, p 2 > 0, m G N, and 7 > 0, then there is an iV G N such that for each k > N there 
exists an {xf^\ ..., Xn^) G ri:{(ai,..., a„; m, k, 7 ) satisfying for any ^7^ > e > 0 


k 2 ■ \og{P,p^{U{xP,.. . > (A^(M) - pa) ■ log ' 

Proof By Lemma 5.2 there is an iV G N sueh that for eaeh k > N there exists a ^-homomorphism 
ak M ^ Mk{C) satisfying: 

• \\trk o ak - p>\\ < 

• For eaeh k setting Hk = PI^u Xk = we have that Hk is a traetable Lie subgroup of 
Uk and k^{/\^{M) - pa) < dim(Xfc). 

• For e > 0 


/ K\ dim Vfc 

(-) <P{Xk,e) 

where P{Xk, e) is the maximum number of points in an e separated subset of Xk- 
For eaeh 1 < i < n and k > N define xf^'^ = (Tkio-i) ^ dT^“(C). By the first eondition above, 
{x[^\ ..., Xn'^) G r/j(ai,..., a„; m, k, 7 ). To see that the seeond eondition is fulfilled suppose e 
satisfies the hypothesis of the lemma and k > N. k > piLLie so 


P{Xk, piLLie) > 


K 


PiLLie 


dim Xfc 

> 


K 


piLLie 


kfAp{M)-p2) 


For any u,v E Uk 


da^{u,v) < L ■ \uak{x)u*-vak{x)v*\2 

= L ■ \f{uak{ai)u*,.. .,uak{an)u*) - f{vak{ai)v *,..., Wfc(a„)n*)|2 
< LLi ■ max{|Ma;-^ 6 * — vx[^\*\2 ■ I <i < n}. 
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It follows that Pepi iU {x^i \ ..., Xn^)) > P{Xk, piLLie). Hence foxk> N 

k-^ ■ \og{P,p,{U{x^^\ ... > (A<^(M) - ps) ■ log • 

□ 

The following corollary will not be used until the next section. Suppose r > R. 

Corollary 5.6. If Q > 0 and > e > 0, then there exist m E N and 7 > 0 such that if 

{{x^i \ ..., is a sequence satisfying {xf^\ ..., Xn^) G rr(ai ,... ,an;rn, k, y) for sufficiently 

large k, then 

k-^ ■ \og{Pne{U{xP ,... ,a;W))) > (A^(M) - e) ■ log 
for sufficiently large k. 

Proof By Corollary 3.4 there exist m E N and 7 > 0 such that for any k E N and {yi,, yn), 
{zi,... ,Zn) E rr(ai ,... ,an;m, k, 7 ) there exists au E Uk such that for 1 < j < n {uyju* — Zj )\2 < 
|. By Lemma 5.5 there exists an iV e N such that for each k > N there exists an {z[^\ ..., Zn^) E 
rr(ai,..., a„; m, k, 7 ) satisfying 

k-^ ■ \og{Psne{U{z[’'\ .. .,zit^))) > (A^(m) - e) ■ • 

Now merely observe that for any such sequence {{xf^\ ... satisfying the hypothesis of 

the corollary with m and 7 chosen above, PneiU {x[^\ ..., Xn^)) > PsneiU {z[^\ ..., Zn'')) ior k > 
N. □ 

Theorem 5.7. (5o(ai,..., a„) > 1 - 

Proof. Suppose min | > e > 0,m G M, and 7 ,r > 0. Corollary 2.14 of [11] provides 

an TV G N such that if k > N and cr is a Radon probability measure on ((M^“(C))j?+i)^” invariant 
under the Pfc-action (^ 1 ,..., 71 ,..., (^ 1 ,..., urjiu *,..., urjnU*) where u E Uk, then 

a{uk) > I where 

= {( 6 , ((Mfc"“(C))R+i) 2 ” : { 6 , • • •, ^n} and {pi,..., r/n} 

Lemma 5.5 provides an iVi G N such that for each k > Ni there exists an {xf^\... ,Xn'^) E 
r^(ai,..., a„; m, k, y/{8{R + 2))™) satisfying 

k-^ ■ \og{P^,^{U{x^^\ ... ,4^^))) > (A^(M) - r) ■ log • 

For k > N + Ni denote by Uk the atomic probability measure on ((M^“(C))/j+i)” concentrated 
at {x\ ,... ,Xn ) and denote by ruk the Radon probability measure obtained by restricting vol to 
r 2 e(esi,..., es„; m, k, 7 / 8 ”^) and normalizing appropriately. Uk x is a Radon probability mea¬ 
sure on invariant under the f/fc-action described above. Write Fk for the set of all 

{yi,...,yn)E r 2 ,(esi,..., esn, m, k, 7 / 8 ”") such that {yi,..., yn} and ...,xi^'^} are (m, ^)- 
free. 
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For k> N + Ni | < (ufc x mk){oJk) = rnk{Fk). Set Ek = {xf \ ..., Xn'’) + Fk. For k>N + Ni 
and u e Uk, vo\{uEkU*) = vol(Ffc) (where uEkU* is defined as in Seetion 4 ) and uEkU* is eontained 
in rij_|_i(ai + esi,..., + esn '■ esi,..., esn', rn, k, 7). 

For eaeh k > N + Ni find a subset {uk,s)s&Sk of Uk sueh that \Sk\ = P4e^{U {xf^\ ..., Xn'^)) and 
for any s, s' e Sk, s ^ s', 

ma.x{\uk,sxf^^u*kg — Uk,s'xf^'^ul^g,\2 : 1 < i < n} > 4:e^/n. 

Fk C (M^“(C))” is a 2eV^ bounded subset with respeet to the || ■ ||2-norm. Henee for any 
s, s' E Sk,s ^ s'{uk,sEkUl J f]{uk,s'EkUl^^,) = 0 . Consequently for A; > iV + iVi vol(rj:j+i(ai + 
esi,..., a„ + eSn : esi,..., es^; m, k, 7)) dominates 

vol( y Uk^sEkul^,) = IS'fcl ■ vol(Ffc) = \Sk\ ■mk{Fk) ■ vol(r2e(esi,..., es„; m,/c, 7/8™)) 

s^Sk 

> ^ ■ vol(r2,(esi,..., eSn; m, k, 7/8”')). 

By what preeeded for min jf, 7^7^77! > e > 0 , m G N, and 7, r > 0 XR+i{cii + , a„ + 

eSn ■ esi,..., eSn] m, 7) dominates 


Tl 

limsup ■ log I - ■ \Sk\ ■ vol(r2,(esi,.. .,esn,m, A;, 7/8”')) + - ■ logA; 

/c—>00 \ ^ 


n 


= limsup k ■ log (vol(r2s(esi,... ,es„;m, A;,7/8™)) + - ■ log A;) + A; ■ log(|S'fc|) 

/c—>00 ^ ^ 


> x(esi,... ,es„) + log 


K 


^4^/nLLle 

= log(e''+'-^^('^)) + log I ( 27 re)? 

Letting r —0 it follows that 




K 


Ay/nLL^ 


A^(M)-r^ 


A-JnLL] 


a^{mX 


XR+i{ai + esi ,... ,a„ + esn;m,7) > log(e'' + log |^( 27 re )2 

This inequality holding for all e > 0 suffieiently small, m E N, and 7 > 0 

X(ai + esi, ...,an + esn:si,...,sn)> log(e”“^‘"(^^) + log ^( 27 re)^ ( d^LLi ) 

Dividing by | loge|, taking lim sup’s as e goes to 0 , and adding n to both sides above yields 

p 2 

• • • ) Rn) ^ ^2 ■ 


AcpiMX 


□ 


By Theorem 3.10 and Theorem 5.7 we have: 

Corollary 5.8. ( 5 o(ai,..., a„) = 1 - 
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6 . The General Lower Bound 

In this section we find a lower bound for 5o(ai,..., an). When M is hyperfinite the lower bound 
will be sharp. By decomposing M over its center it follows that 

M~Mo© (©tiMfc^(C)) ©Moo, </5~ao<^o© (©Li^MfcJ © 0 

where as in the introduction s G N 1J{0} > 0 for 1 < i < s (i G N), Mq is a diffuse von 

Neumann algebra or {0}, is a faithful, tracial state on Mq and gq > 0 if Mq ^ {0}, = 0 and 

Go = 0 if Mo = {0}, and Moo is a von Neumann algebra or {0}. We remark that M, hyperfinite or 

2 

otherwise, always admits such a decomposition. We will show that (5o(ai,..., a„) > 1 — %'■ 

Again, because ip vanishes on Moo and our main claim concerns the calculation of a lower bound for 
(5o(ai,..., an) assume without loss of generality that 

M = Mq © (©*^;^Mfc. (C)), v? = 

We proceed first by finding a suitable set of elements {a'^, 03 , Og} in the ^-algebra generated by 

the Oj such that the packing number of unitary orbits of certain microstates of Tc{a'i, a' 2 , a'^; m, k, 7 ) 

2 

approximate (from below and in a normalized sense) 1 — J2i=i %■ These microstates can be obtained 
as noncommuting polynomials of well approximating microstates for {oi,..., a„} and hence the 
packing number of unitary orbits of such microstates of rc(ag, 03 , a'g; m, /c, 7 ) will provide a lower 
bound for the packing number of unitary orbits of the microstates for {oi,..., a„}. One can then use 
asymptotic freeness results to transform these metric entropy quantities into free entropy dimension 
quantities as in Theorem 4.5 and Theorem 5.7. 

Throughout this section write A for the ^-algebra generated by {oi,..., a„}. We also maintain 
the notation introduced at the beginning of Section 4. In subsections 6.1 and 6.2 we assume that 
Mq 7 ^ { 0 } (which implies 0 < Gq) and gq < 1 . 

6.1. Construction of {a'g, 03 , Og} when Mq 7 ^ {0} and ao < 1* Fix / G N with / < s and e > 0. 
Define Mi = (Bj^iMk.(C) and M 3 = (Bi<j<sMkj(C). Mg is a finite dimensional C*-algebra and 
by Lemma 5.1 has two self-adjoint generators 61 and 62 - ^ is strongly dense in M so Ae is strongly 
dense in Me where e = 0 © ((Bj^ilj) © 0 G Z(M) and the Ij are as in Section 3. Thus Ae = Me. 
Consequently there exist a'l, a '2 G A such that 

a) = fi (B bi (B E Mq © Mg © M 3 = M. 

Mo being diffuse, there exists an / G Mq such that bo(f) = 1 and sp(f) = [1, 2] (here bo(f) is calcu¬ 
lated with respect to po). Aeo is strongly dense in Meg where cq = /o © 0 G Mq © (©i<j<sMfc^.(C). 
By Kaplansky’s Density Theorem, Proposition 6.14 of [ 8 ], and Corollary 6.7 of [9] there exists an 
0 < a G A satisfying: 

• a = g (B b (B ^ G iffg © M^i © il72 = M. 

• ■sp{g) C [ 0 , 2 ], 6o{g) > 1 — e, and v?o(X[o,i/ 2 ]) < ^ where for any Borel subset S C R xs 
denotes the spectral projection of g associated to the set S. 

• ll^ll < I- 

Since 6 > 0 and Mi is finite dimensional .sp{b) = {/3i ,..., /3d} C M where 0 < /9i < ... < < |. 

Define h : [0,2] —M by h(t) = {t — (3i) ■■■ {t — (3d). Observe that: 

• h{b) = 0. 

• h-\h{\Q,2[3d])) C [0,3(3d] C [ 0 , 1 / 2 ]. 

. h-\h{{2Pd,2])) <Z {Pd,2]. 
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The third observation implies that if e h{2/3d, 2] then h ^ {/3) eonsists of exaetly one point in {/3d, 2] 
sinee h is strietly inereasing on {/3d, 2]. Noting that for all but eountably many (3 Xh-^{f 3 } = 0 


‘foiXh-H/s}? = 

f3&sp{h{b)) 


< 


< 

< 

< 


/3&h{sp{b)) 

Mxh-HIS}Y + Y Mxh-HIS}Y 

fSehi[0,2M) /3e/i((2/3d,2]) 

<^o( Y Xh-H0})+ Y 

p&h{[o,2Pa]) /3e[0,2] 

9^o(X[0,3/3d]) + ^ 

2e. 


Define Og = h{a) = h{g) © 0 © h{^). We have just proven: 

Lemma 6.1. / G N, 1 < / < s, and e > 0, then there exist a[,a 2 ,a'^ G A of the form a{ = 

fi®hi® G Mo © Ml © M 2 = M satisfying: 

• {bi, ^ 2 } generates Mi and 63 = 0 . 

• <^o(/3) > 1 - 


6.2. Lower Bounds Estimates for (io(ai, ..., an) when Mq 7 ^ {0} and oq < !• Fix / G M, / < s, 
and e > 0. Find elements a'l, af a'g G A with the properties listed in Lemma 6.1 and denote Mi, M 2 
to have the same meaning as in the preeeding subseetion. Suppose C > max{||a'||}i=i, 2,3 +1. Denote 
by (fi the traeial state on Mi obtained by restrieting 92 to 0 © Mi © 0 and normalizing appropriately. 
Similarly denote by 922 the positive traee (possibly 0) on M 2 obtained by restrieting (p to 0 © 0 ©M 2 and 
normalizing appropriately. Define Pq = ao. Pi = Yi=i P = iPiin{/9o, Pi}, and P 2 = I — Po — Pi- 
Reeall the eonstant k, L, and Li of the previous seetion with respeet to Mi, pi, and x = bi + ib 2 . 
Finally define cq and ei to be the projeetions Jo © 0 © 0, 0 © {®’'j=ilj) © 0 G M, respeetively, and 

62 = / — Co — ei. 

Lemma 6.2. If D > 0 and min | 27 dlli ’ ^ > 0’ t/ien there exist G N and 7 e > 0 (dependent 

on e) such if {{z[^\ z^\ z^'^))'p/^^ is a sequence satisfying {z['^\ z^\ z^'^) G (M|“(C))^/or all k and 
{z^i \ z^\ z^"^) G r( 7 (ai, a' 2 , Og : Cq, Ci, 62 ; rrie, k, %) for sufficiently large k, then limsup;i.^oo k~‘^ ■ 
\og{PDe{U{z^i\ ^ 3 ^^))) dominates 


{Po + Pi — e)^ ■ (x ((/3 © 0) + es : s) + I loge| — K) + {Pi — e)^(A^^(Mi) — e) ■ log (^27 eDLL } 
where K = log((2 + ^P~^D)y2Tie) and s is a semicircular element free with respect to Mq © Mg. 

Proof Suppose min | 27d1li ’ l| > <; > 0. By Lemma 4.3 there exist an mi G N and 71 (dependent 

on e) sueh that if is a sequenee satisfying X®) e M^“(C) for all /c G N and G rc(/3 © 

0 ; mi, k, 7 i) for suffieiently large k, then 

limsup[A;“^ ■ \ogPQp-iDe{U{x^^^))] > © 0 ) + es : s) + | loge| - iF 

/c—>00 


where K = log((2 + 9/3 ^D)y/27re), /3 © 0 G Mq © Mi, Mq © Mi is endowed with the traeial state 
{Pq + Pi)~^{PoPo © PiPi), and s is a semieireular element free with respeet to Mq © Mi. 
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By Corollary 5.6 there exist an m 2 G N and 72 > 0 sueh that if J/ 2 ^^))^i is a sequenee 
satisfying ^ for all k and G r(7(6i, 62;^^2, 72) for suffieiently 

large k, then 


k ^ ■ \ogP^p-iD,(U{yf\yf^)) > log 


/ pK 

\27eDLLi 




for suffieiently large k. 

By standard approximations for any e > 0 there exist m G N and 7 > 0 sueh that for any /c G N if 
{zi, Z 2 , Z 3 ) G Tc{aP 02) • 60, ei, 62; m, k, 7), then the following eonditions are satisfied: 

• There exist mutually orthogonal projections qo,qi,q 2 G Mk{C) with nQ + ni+n 2 = k where 
Hi denotes the dimension of the range of g* and for each i \trk{qi) — Al < 

• Canonically identifying goMfc(C)go + giMfc(C)gi + g 2 Mfc(C)g 2 with ©2^oM„,(C) \zi-hi \2 < 
e where hi = Xi® yi® ry e ©•=oil 4 ,(C) C Mfc(C) and y^ = 0 . 

• xs © 0 G rc(/3 © 0 ; mi, no + ni, 71). 

• (1/1,1/2) G rc(&i, &2; ^2, ni, 72) where 61, 62 G (M, 

Secondly given e > 0 there exists an iV G N such that for each k > N there exists a corresponding 
k < T{k) G N satisfying |;^ — (/ 3 o + Pi)\ < e. Combining these two remarks there exist m^ G N 
and 7e > 0 such that for any /c G N sufficiently large there exists a k < T{k) G N such that if 
{zi, Z2, zs) G rc(a'i, 02) ®3 • 60, ei, 62; m^, r(/c), yj, then the following conditions are satisfied: 

• There exist mutually orthogonal projections qo, gi, g2 G M^-i^kpC) with no + ni + n2 = T{k) 
where n* denotes the dimension of the range of g* and for each i \trr(k)iqi) — Pi\ < | ■ 
min{e, P}. 

• Uq + rii = k 

• Canonically identifying goM.^(fc)(C)go + giM.^(fc)(C)gi + g 2 M.^(fc)(C)g 2 with ©2^oM„,(C) \zi- 
/ii|2 < f where /j* = x* © j/i © 7 * G ©f=oM„,(C) C Mr(k){C) and j/3 = 0. 

• Xa © 0 G rc(/3 © 0 ; mi, k, 71). 

• (j/i, 1/2) G rc(&i, &2; m2, ni, 72) where 61, 62 G (M, v^i). 

Now fix k and (2:1, 2:2, 2:3) satisfying the aforementioned conditions so that the five properties listed 
just above hold. Let n^, h*, Xj, j/i, and rji correspond to the fixed k and ( 2 : 1 , 2 : 2 , 2:3). Find a set of 
unitaries {us)s&Sk of suchthat \S\ = P^y-ioPU [x'i © 0)) and for any s,P E S and s 7 ^ s', 


\us{x 3 © 0)n* — Uspxs © 0)n*,|2 > 9/3 ^De. 

Find a set of unitaries {vg)g^G of Un^ such that |G| = Pgy-iueiUiyi, y 2 )) and for any g,g' E G and 

9 ^ 9 ' 


max{\vgyiV* - Vg>yiV*g^\2 : / = 1, 2} > 9/3 ^De. 

For (s, g) G Sk x Gk define Wg g E U-j-(^k) by ^s,g (^s(fno ® ^g)) ® ■^n 2 ^ 

I claim that the family {iws,ghiwlg,Ws,gh2W*g,Ws,gh3W*g))s,g E S' x G is a 3Z3e-separated set 
(with respect to the p metric defined in section 4). Suppose (s, g), (s', g') E SxG and (s, g) 7^ (s', g'). 
Then either s 7^ s' or g 7^ g'. In the former 
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\ws,gh-iW*g - Ws',g'h-iwl, g,\2 = \ws,g{x3 © 0 © - Ws',g'{x3 © 0 © r]3)w*s',g'\2 

= |Ms(a;3 © 0 )m* © 0 - Ms/(a;3 © 0 )m*, © 0|2 


> 


/^i + P 2 


913-^De 


> 3 De. 

Suppose g ^ g'. We ean assume s = s'. For i = 1,2 


\Ws,ghiWlg - Ws,g'hiWlg,\2 = \Ws,g{Xi © I/* © “ Ws,g'{Xi © I/i © 12 

= \us{xi © VgyiV*g)ul © ?73 - Us{xi © Vg>yiV*g,)ul © 173!2 

fK 


> \l^-\VgyiVg-Vg,yiVg,\2 


so that 


m.&i^{\ws^ghiwlg - Ws^gihiwlg,\2 : * = 1, 2} > ■ m&-x{\vgyiV*g - Vg>yiV*g,\2 : i = 1, 2} 

> ^J^- 9 p-^De 

> 3 De. 

By the inequalities above PDe{U{zi, 2:2, 2:3)) > P3Dt{U{hi, /12, /13)) > jS* x Gl. 

Now suppose z^\ is a sequenee satisfying the hypothesis of the lemma with 

and 7^ as ehosen on the previous page. For k suffleiently large 


{z^i^^'^\ e rc(a 3 , 02,03 : cq, ei, 62 ; r(/c), 7 ,). 


Thus {z\ 


©(©) Ar{k)) (T{k)) 


G2 G3 


satisfies the five eonditions previously stated. For eaeh k suffleiently 


large eonsider the eorresponding T{k) G N and denote ni{k), Sk, and Gk to be the 

Hi, Xi, yi, S, and G, respeetively, assoeiated to {z[ 


©(©) JT-ik)) (T{k)) 


G2 G3 


limsupr(/c) ^ ■ log(PDe(G(2:S^^^^\ > limsupr(A;) ^ ■ (log |S'fc| + log |Gfc|) 


/c—>00 


/c—>00 


> limsup(r(/i;) • log |S'/i;|) + 

/c—>00 

liminf(r(A;)“^ ■ log |Gfc|). 


fc—>CXD 


Set C = 9(3 ^De. limsnpf._^{T{k) ^ • log |iS/i;|) dominates 


(/ 9 o + Pi — e)^ ■ limsup 


fc —>00 


{no{k) +ni{k)y 


■log(P^(f/(4"°("»©0))) 


1 


Sno{k)) 


© 0 ))) 


= iPo + Pi-e) ■ lim sup — ■ log(P/; (P (4 

fc— >00 ^ 

> {Po + Pi — Pf ■ Xciifs © 0 ) + es : s) + I loge| — iF 


and sinee ni{k) 00 as k 


00 
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liminf(r(A;) ^■log|Gfc|) 

k—*oo 


> (/3i - e)^ ■ liminf [ni{k) 

/C—>CXD 


> {p,-eY-\og 


( 13 k 

\ 27 eDLLi 


A^l(Mi)-e^ 


The desired result follows. 


□ 


We now reeyele a familiar argument. There exist polynomials pi,P 2 ,P 3 in n noneommuting vari¬ 
ables sueh that for 1 < j < 3 Pj{ai ,..., a„) = a'. Without loss of generality we ean assume the pj 
take n-tuples of self-adjoint elements to self-adjoint elements. Find a eonstant 1 < C sueh that that 
for any (xi ,..., Xn) G ((M^“(C))_r+i)"^ \\pj{xi ,..., Xn)\\ < C. Also there exists a Dq > 0 sueh that 
if A; e N and xi,..., Xn, J/i, • • •, |/n e (M^“(C))r+i, then for all j 


\pj{xi, ...,Xn) -Pjiyi, ■ ■ ■,yn)\2 < Dq ■ max{|a;i - : 1 < i < n}. 


Lemma 6.3. For m G N, 7 > 0, and small enough e > 0 there is a sequence {{x^i \ ..., Xn’))'^^i 

for all k, {xf\... ,x^n'^) G T^+i (oi,..., a^; m,/c, 7 )/or 




such that (x 


(k) 




sufficiently large k, and limsup;i.^o^ k ^ ■ \og{P4^^^{U {x^i \ ..., Xn^))) dominates 




{( 3 o + ( 3 i — ef ■ (x((/3©0) -fes : s) + | loge| —K) + {( 3 i — e)^(A^^(Mi) —e) -log 
where K = log((2 -f ?)Qf~^-JnD{f\/2ne). 

Proof Suppose min {32Uo^LLi’^} > e > 1. By Lemma 6.2 there exist G N and 7 ^ > 0 

sueh that if is a sequenee satisfying G (M^“(C))^ for all k and 

{z[^\ z^\z^^'^) G rc(a/ af Og : ei, 62, 63; rrie, k, yf) for suffieiently large k, then limsup^^o^ k~‘^ ■ 
^og{P 4 e^Do{U{z[^\ zi^\ 4 ^'^))) dominates 


{(3o + Pi — €-Y ■ (x((/3©0) -fes : s) -f I loge| —K) + (/3i — e)^(A<^j(Mi) — e) - log ^ • 

Beeause {oi,..., a„} has finite dimensional approximants, there exists an A G N sueh that for 
eaeh k > N there is an (x7,...,i7)e((Mr(C))„+,) ” satisfying 

{x^^\...,x^^^) G r^+i(ai,...,a„;m,A;,7) 

and 


(yf \ y2\yf^) e rc(ai, a/ 4 : d, 62, 63; /c, 7,) 

where for any 1 < j < 3 pj{xf^\ ..., Xn ^) = Note that we ean use the eutoff eonstant C by the 
argument of Lemma 4.1. 

If M, n G Uk, then Dq ■ max{|Ma; 4 ^'*^* ~ vxf^^v*\2 : 1 < i < n} is greater than 


\pj{ux^l \ . . . , uxl^'^u*) — Pj{vx[^^v*, . . . , vxl^'^v*] 

Henee, 

limsup k~‘^ ■ \og{P4^^{U{x^i \ ..., > limsup k~‘^ 

fc—>00 fc—>00 


12 = \uyf\* 


(k) * 
vy) V 


■ log(P 4 .v^Do(f^ {y[^\ y?^)))- 
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In turn the dominated term is greater than or equal to 

(/3o + /3i — e)^ ■ (x((/ 3 © 0 )+es : s) + | loge| — it') + (/3i — (Mi) — e) ■ log ’ 

□ 

Lemma 6.3 more or less gives the lower bound. We simply use the same sort of arguments which 
allowed us passage from Lemma 4.4 to Theorem 4.5 and Lemma 5.5 to Theorem 5.7. Namely 
Voiculescu’s approximate freeness results produce an e ball, most of whose elements are semicir¬ 
cular microstates trying very hard to be free with respect to a matricial microstate for {oi,..., an}- 
Adding the e ball to the single microstate creates microstates for {ai + esi,..., + es„}. The e pack¬ 

ing number of the unitary orbit of the microstate yields the same number of disjoint, conjugate balls 
which are microstates of {ai -f esi,..., + esn}- Applying log to this packing number, multiplying 

by and taking a limsup as k ^ oo, dividing by | loge| and taking a limsup as e —0 yields a 
lower bound for the modified free entropy dimension of the n-tuple {oi,..., a^}. 

By the discussion above (5o(cn, • • •, a,n) should dominate the number obtained by taking the ma¬ 
jorized quantity of Lemma 6.3, dividing by | loge|, and taking a limsup as e —> 0. The resultant 
quantity of these successive operations is: 

(/3o +/5 i)^(<^o(/3 © 0 )) 4-■ A<^j(Mi) > (/4o +/4i)^ ■ [1 — (/4o + A) 

+Pi ■ 4\(pi(Mi) 

> iPo + PlY ~ (^ + Pi) + Pi ' ~ ^ 

^ 2 

_—^ /Wt 

= iPo + pi)"^ - e - 

Omitting the details of a familiar analysis we conclude: 

Theorem 6.4. I/Mq 7 ^ { 0 } and < 1 , then (io(ai, • • •, On) > {Po + Pi)"^ — e — X]!=i 
Letting / —s and e —0 we arrive at: 

_ 2 

Corollary 6.5. If Mq 7 ^ {0} and cio < 1, then (5o(ai, • • •, ctn) > 1 — 

6.3. General Lower Bound Estimates for (io(ai, • • •, On)* Now we deal with the situation where 
Mo = {0} or Go = 1. Suppose first that Mq = {0}. The lower estimates come even easier for in 
this case M is merely a direct sum of matrix algebras. As in section 6.1 given / G N with I < s and 
using the same notation, we can construct two self-adjoint elements a[ = bi <S) E Mi © M 2 for 
7 = 1,2 such that they lie in the ^-algebra generated by {oi,..., a„} and 61,62 generate Mi. We have 
a similar packing number estimate in this case: 

Lemma 6 . 6 . For small enough e, 7 > 0 and any m E N there is a sequence such 

that k < Afc E for all k, ( 2 : 1 '^*'^ ^ M^^{C) for all k, 

e rc(ai,a 2 ;m, Afc, 7 ) 

for sufficiently large k, and 

■ log(Pi6.(f4(4^"\4^"^))) > {Pi - e)2(A^,(Mi) - e) ■ log 
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for sufficiently large k. 

The proof mimics that of Lemma 6.2 but it’s even easier. Lemma 6.6 requires that we find good 
enough microstates for a[, a '2 and this is easy to do (in light of Lemma 3.6). One does not need 
to deal with the set up concerning the ft (they are all 0) and the estimates are similar to those of 
Lemma 6.2. We omit a rigorous proof of Lemma 6.6 here and leave it to the reader. We now run 
an argument similar to that which followed Lemma 6.2. Dividing the dominated term above by 
I loge| in the conclusion of the statement of Lemma 6.4 and taking a lim sup as e goes to 0 yields 

■ A^^(Mi). LFsing the same asymptotic freeness results in the paragraphs preceding Theorem 6.4 
it follows that 0 - 2 ) is greater than or equal to this limiting process, i.e, greater than or equal to 

■ A^j(Mi). Since M is hyperfinite (M is a direct summand of matrix algebras), by Theorem 4.5 

5o{ai, ...,an)> ^ and e being arbitrary (5o(ai,..., a„) > 1-ELi 

Secondly suppose Gq = 1. By Section 4 ()o(ai, • • •, cin) = 1 which yields the desired lower bound. 
Having considered all the cases above we have for any M and oi,..., a„ as in Section 2: 

Theorem 6.7. (5o(ai,..., a^) > 1 - ELi 

By Theorem 3.9 we also have: 

_ 2 

Corollary 6.8. If M is hyperfinite, then (5o(ai,..., Un) = 1 — =1 

In light of Corollary 6.5 if M is hyperfinite, then we define 5o{M) = 5o{ai,, an). As in the 
introduction we remark that every such hyperfinite M has a finite set of self-adjoint generators. 

7. Trivialities and a Final Remark 

In concluding the discussion we make a few simple observations about the preceding results. The 
first is a strengthening of Theorem 4.5. We start with a generalization of Lemma 3.8. 

Corollary 7.1. IfN C M is a unital inclusion of hyperfinite von Neumann algebras, then So(N) < 

5o(M). 

Proof. Find self-adjoint generators ai,... ,an for M and bi,... ,bp for N. By Theorem 4.5 and 
Corollary 6.8, 

So{N) = So{bi,... ,bp) < So{ai,... ,an,bi,... ,bp) = 5o{M). 

□ 


We now have: 

Corollary 7.2. (Hyperfinite Mono tonicity). If N C M is a unital inclusion of von Neumann algebras 
and N is hyperfinite, then So(N) < 6o(ai,..., a„). 

Proof. We may assume M = Mq © (©|^;^Mfc.(C)) and p = a^po © {®l=iOiitrkf) where all quantities 
are as in Section 6. Define A = CIq © (©|=iMfc.(C)) C M. It is easy to see that the von Neumann 
algebra 7Z generated by AIJ A is hyperfinite. By decomposing 7Z over its center and observing that 
the atomic projections of Z(7Z) contains those of Z(M), it follows from Theorem 6.7 and Corollary 
6.8 that 6o{7l) < (5o(ai,..., a„). Hence by Corollary 7.1 6o{N) < 6o{7l) < 6o{ai,..., a„). □ 

Our second observation is a weak lower semicontinuity property for (ig. 

Lemma 7.3. If {{b^^\ ..., bn^))^^^ is a sequence ofn-tuples of self-adjoint elements in M such that 
for each 1 < i < n bf'^ bi strongly and {bi,... ,bn} generates a diffuse von Neumann algebra, 
then 
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lim inf 6o{bf^\ ..., > 1. 

fc—>oo 

In particular, ifl = 6o{bi,..., bn), then lim inf • • •, bn'^) > 5o(^i, • • •, bn). 

Proof. Suppose e > 0. By the proof of Corollary 4.7 it follows that there exists a b = b* G 
W*{bi,... ,bn) such that 5o{b) = 1. There exists a sequence of noncommuting polynomials in n 
variables {qm)m=i that • • •, bn)* = ... ,bn) ^ b strongly. It follows from Propo¬ 

sition 6.14 of [9] and Corollary 6.7 of [10] that for m sufficiently large So{qm{bi ,..., bn)) > 1 — 
Pick one such m and call it mo. The same proposition of [9] and corollary of [10] provide a corre¬ 
sponding N such that for all k > N So{qmoib^i\ • • •, bn^)) > 1 — e. By Corollary 4.6 for all A; > iV 
6o{b[^\ .. ., bl^^) > 6o{qmo{b["\ . .., > 1 - □ 

Finally, we comment on the work carried out by Ken Dykema concerning free products of hyper- 
finite von Neumann algebras with tracial, faithful states. In [2] Dykema investigated the free product 
of two such algebras A and B. There it was shown that A* B was isomorphic to L{Fs) © C where 
L{Fs) is an interpolated free group factor and C is a finite dimensional von Neumann algebra. More¬ 
over, Dykema provided formulas for determining C in terms of the matricial parts of A and B and 
calculating s in terms of the the ‘free dimensions’ of A, B, and C. Given a hyperfinite M as above, 
Dykema defined the free dimension of M, fdim(M) to be 

5 

Gq + 'y ^ G^(l — /Cj + 2 Gq(1 — Gq) + y ^ GjGj. 
i=l 

Using the identity 1 = number above equals So{M). In other words, 

for a hyperfinite von Neumann algebra M with a tracial, faithful state, the quantity 5o{M) equals the 
quantity fdim(M). 


8. Addendum 

In this final section we prove the metric entropy estimates of Lemmas 3.5 and 5.2. The proofs are 
essentially those of Szarek ([7]) with the addition of the explicit computations of Raymond ([5]). 

Throughout FI will denote a closed Lie subgroup of Uk. Define X = Uk/H, | ■ |oo to be the operator 
norm, H to be the Lie subalgebra of H identified in = Q, and X to be the orthogonal 

complement of H with respect to the real inner product on Q generated by i?e Tr. Denote doc and d 2 
to be the metrics on X induced by | ■ |oo and 1-12, respectively. Lastly for a metric d on a space U and 
e > 0 define N{fl, d, e) to be the minimum number of open e-balls required to cover U with respect 
to d and P(U, d, e) to be the maximum number of points in an e-separated subset of U with respect to 
d. 

Szarek uses two essential quantities to obtain the metric entropy estimates in [7]. The first is n{M), 
the operator norm of the orthogonal projection onto X where the domain and range of the projection 
are equipped with the operator norm. The second quantity Szarek employs are the weaving numbers 
of X. We will use a slightly modified version of this. The change is based on Szarek’s preference 
to use the geodesic metric on X and my inclination to use the extrinsic norm metric. They are the 
same for our purposes. Given 6* > 0 77 is (6*, | ■ |oo) -woven if for m G 77, |m — 7|oo < 0 ^ 3/i G 
H such that |/i|oo < and = u. We define 0{X) to be the supremum over all 6 satisfying the 
preceding condition. 

We now state the main result of Szarek’s ([7]), slightly altered in our new notation. 

Theorem 8.1. Suppose f3 G (0,1/2] and min{6*(X), > {3. Assume that one of the following 

conditions hold: 

• dim 77 < (1 — I3)k‘^. 



30 


KENLEY JUNG 


• There exists a subspace E C invariant under H with dimi? > f3k satisfying f3k < 
dimE < (1 — (3)k. 

• There exists a subspace E C invariant under E[ with p = dimi? > jdk such that the 
decomposition Ef = E ® E^ induces an isomorphism H ^ U{p) x Hg for some subgroup 
Hq of Uj^—p. 

Then for any e E {0,/3/A) 


0 dim X 

<N{X,d^,e) < 



dim X 


where c,C > 0 are constants depending only on [3. 


The utility of Szarek’s result lies in the fact that the quantities c and C depend only on (3. We now 
provide the proof of Lemma 3.5. 

Proof of Lemma 3.6. Suppose H is tractable. Consider the conditional expectation e : Mk{C) H”. 
I—e restricted to Q is the orthogonal projection onto X and since ||e|| < 1, it follows that k(X) ^ > |. 
The spectral theorem shows that 0{X) > — 1|. Hence, min{6'(X), > ^- I claim that 

H satisfies one of the three conditions as stated in the theorem fox (3 = Without loss of generality 
assume El takes the form appearing in the definition of a tractable Lie subgroup of Uk- Suppose there 
exist some 1 < ji, ■ ■ ■ ,jq < m such that ^ ^jihi — Then H satisfies the second condi¬ 

tion of Theorem 8.1. Otherwise there must exist some 1 < i < m for which kfi > If /c* = 1, then 
H satisfies the third condition of the theorem. Otherwise ki > 1 and this forces there to be a reducing 
subspace E for H with ^ < dim E < ^ whence H fulfills the second condition of the theorem. 
Theorem 8.1 now yields the desired result. □ 

Having dealt with Lemma 3.5 let’s turn to the finite dimensional situation in Lemma 5.2. More 
generally first consider the viability of the lower bounds of Theorem 8.1 when X is obtained from 
tractable H and where instead of using d^o we use ^2- Some results of [7] works for unitarily invariant 
norms and metrics but with the | ■ 12-norm problems arise. The quantity 9{X), properly interpreted 
does not stay uniformly away from 0 even when we consider the homogeneous spaces in Section 5 
associated to a finite dimensional M. PresumablyX would be {9, | ■ I2)-woven if for m E H, \u — I \2 < 
9 ^ 3h eH such that \h\oo < and = u. Unfortunately, the homogeneous spaces which we will 
restrict our attention to (which is much smaller than the class of homogeneous spaces obtained from 
tractable H) will fail to have 9 values uniformly bounded away from 0. Nevertheless, we still have 
the key result [7], Lemma 10, where the use of 9{X) was crucial: 

Lemma 8.2. There exist A, r > 0 such that for any k E N and tractable H ofUk if x, y E X, and 

kloo, bloo < r, then 


d2{q{e^),q{ey)) > \\x - y\2 
where q : Uk ^ X is the quotient map. 

Proof. For r (as yet to be specified) and any such x and y as above, there exists by definition anh E EC 
with \h\oo < TT satisfying d 2 {q{e^), q{ey)) = inf„g/^ |e“^e^ — v \2 = |e“^e* — e^|2. Set u = e~ye^. 
By the spectral theorem write h = i Pjfj where the fj are mutually orthogonal projections and 
the (3j are real numbers. We can arrange it so that for each j, ifj E EC, i.e., h takes the block form of 
EC. Define yj to be 4r if /3j > Ar, —Ar if jdj < —Ar, and j3j if \ j3j\ < Ar. Set z = i Ejfj ^ T(. 
I^^loo < 4r. Define Ai = {j E N : 1 < j < d, \(3j\ < Ar} and A2 = {1,. .., d} — Ai. Observe that 
kloo, bloo < r ^ \u - I\oc < 2r. 
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d 

u-e^\l < fj\l 

i=i 


= I “/i - /j 12 + I ufj - fj I ^ 

jeAi jeA2 

< |M-e^|^+^(6r)Vil2- 

j'eAa 


Now for r sufficiently small 3r < |1 — (r dependent only upon the exponential map). 


^(6r) 


-‘^rf\ffl < 

y^36(|l-e'ft|-2r)d/,|^ 

ieAa 

i 6 A 2 


i 6 A 2 



< 





J 6 A 2 



< 

36|m/j - P^^ffl 




ieA 2 



< 

36|M-e^|^. 


It follows that \u — e ^\2 < 7\u — e^| 2 . 

A repetition of the proof of Lemma 10 in [7] minus the parts referring to 6'(X) shows that there exist 
A, r > 0 (whieh we ean make as small as we want and in partieular have r satisfy 3 r < |1 — e*^^|) 
independent of the traetable H sueh that for any x,y E X with |a;|oo, |i/|oo < |e“^e* — e^|2 > 

A|a; — y\2. By what preeeded for any x,y E X with |a;|oo, \y\oo < r 


c?2(g(e^),g(e^)) 


le-^e" - 


o y _ 


2 ^ 


e" 2 


> 


A|a^ - y\2 
7 


□ 


The result above does not quite provide the desired lower bounds for the homogeneous space asso- 
eiated to H. Observe that if all the normalized Hilbert-Sehmidt quantities are replaced with operator 
norm quantities, then P{X, doc, e) is bounded below by the j paeking number of the r-ball of the 
space X (endowed with | ■ |oo). The appropriate lower bounds for packing numbers of balls in finite 
dimensional spaees ean be obtained through a standard volume eomparison argument (see [1] for an 
example of how this teehnique yields the paeking number bounds). Indeed, this is how the lower 
bound is aehieved in Theorem 8.1. The result above is not quite the same. It shows that P{X, d 2 , e) 
dominates the ^ packing number with respect to the | ■ | 2 -metrie of the ball of | ■ |oo-radius r in X. The 
issue is that we have a lower bound involving two different metries. We want to obtain the appropriate 
lower bounds by using the volume eomparison argument but our task is slightly eomplicated by this. 
We must now examine the ratio of the volumes of balls of radius 1 with respeet to | ■ |oo and | ■ I 2 in 
the spaee X associated to PI. 

Despite the diffieulties mentioned Lemma 5.2 demands lower bounds on the paeking numbers of 
a speeifie class of homogeneous spaees, in fact, much smaller than the elass of all homogeneous 
spaees obtained from traetable subgroups. Henee, the task at hand is not so daunting. With Lemma 
8.2 in hand we now begin the main part of the proof of Lemma 5.2. As diseussed at the end of 
the preceding paragraph, our main objeetive is to examine the ratio of the volumes of balls in the 
orthogonal eomplements of eertain Lie subalgebras. 

Proof of Lemma 5.2. Maintain all the assumptions made on M and cp in Section 5. We assume that 
M f Cl sinee Lemma 8.2 elearly holds in this situation. There exist eonstants 1 > <5, Ci,C 2 > 0 
sueh that if <5 > e > 0 and ri,..., rp G M satisfy fj — < e for all j, then ci < rf < C 2 
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(M ^ Cl ^ < !)• Now suppose | ■ min{(5,1 — ci, ai,..., ap} > e > 0. It is a trivial 

consequence of Lemma 3.6 that there exists a sequence {ak)^^i such that for each kat M ^ Mk{C) 
is a ^-homomorphism and for k sufficiently large: 

• \\trk oo-k- 93 || < £. 

• The set of unitaries of ak{M)' is a tractable Lie subgroup of Uk and setting X^. = Uk/Hk 
we have that k^{Ap{M) — e) < dim(Xfc). 

We must demonstrate the third item in Lemma 5.2 (the lower bound packing estimate) and make 
sure that the constant n obtained is independent of e and e. It can be arranged so that there exists a 
/co € N such that for all k > k^ the representation ak takes the simple form described in the proof of 
Lemma 3.6. Recall from the proof of Lemma 3.6 that for each k > ko we have the li{k),, /p+i(A;), 
associated to Moreover for such k the construction of the ak in Lemma 3.6 and the bound placed 
on e shows that |q;j > > A for each j, cik"^ < and lp+i{k) < ni - ■ - Up 

for k > kQ. 

For each k denote Hk and Xk to be the spaces H and X associated io H = Hk. Again, we’ve trans¬ 
lated the packing number problem (the third condition of Lemma 5.2) into the problem of comparing 
the volumes of the balls of Xk with respect to the norms | ■ |oo and 1-12 and finding an appropriate 
relationship between the two values for sufficiently large k. 

For any r > 0 denote by and X^ the balls centered at the origin of operator norm less than 

or equal to r in iM^°'{C),Hk, and Xk, respectively. Consider the conditional expectation e for H'^. 
Define $ : fM^“(C) Hk ® Xk by <l>(a;) = {e{x), (/ — e)a;). Since e is a contraction when its 
domain and range are endowed with the operator norm, it follows that ^{Gl) C nx X^. <l> is an 
isometry when its domain and range are endowed with the Hilbert-Schmidt norm (normalized or not). 
Thus, vol(^^) = vol($(^^)) < vol(7-(^) ■ vol(A’l). Notice that here we calculate the volumes of Hi 
and X^ in their ambient Hilbert spaces Hk and Xk endowed with the real inner product Re Tr. 

Wc claim that if for each d Ad = vol(^]) and Qd denotes the volume of the ball of radius \/d in 
then there exists some constant 1 > > 0 such that ^ for all d. By [5] there exists a 

constant c > 0 such that as d ^ oo where ad is the volume (with respect to the real inner 

product Re Tr) of the operator norm unit ball of Mk{C) and bd is the volume of the ball of radius 
in 2(i^-dimensional real Euclidean space. We now use the same trick in the preceding paragraph. 
Decompose Mk{C) as the orthogonal direct sum M^“(C) © iM^“(C). It follows that the operator 
norm unit ball of Mk{C) is contained in the direct sum of the operator norm unit ball of M^“(C) and 
the operator norm unit ball of Gl- The volume of this latter set is (A^)^. So ^ ~ and 

this yields the desired result. 

Now \o\{Hl) < Qii(k) ■ ■ ■ 0«p+i(fc) ■ and because dim > (1 — C 2 ) ■ k'^ for sufficiently 

large k, it follows that there exists a C 2 > 0 (dependent only on ni,..., Ci and Ci) such that for 
sufficiently large k 


yo\{Xl) > 


vol(gfc) 

VOl(Hfc) 


> 


_©fc_ 

0«i(fc) ■ ■ ■ 0Zp+i(fc) 


>dim X}- 

S 2 


Ip+iik) < TLi - ■ - Upiox k > /co, and (1 — C 2 ) ■ k"^ < dimAfc < (1 — ci) ■ k"^ for k > ko. 

These three facts and Stirling’s formula shows that there exists a constant ^3 > 0 (dependent only 
on the Gj, rji, Cl, and C 2 ) such that for sufficiently large k the dominated term above is greater than or 
equal to ■ C'dimA’fc where Cdimx^: is the volume of the ball of radius Vk in MaimA’* Notice 

that this quantity is the volume of the ball of Afc of | ■ I 2 radius 1. In other words there exists a C > 0 
(again dependent only on the at, Ui, Ci, and C 2 ) such that for sufficiently large k 
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C*dim Aj. 


>(C) 


dim Af/e 


The standard volume comparison method (for an example of how this method is used see [1]) 

shows that for such k and any e > 0 I ■ I2, e) > (^) Using Lemma 8.2 it follows that for 

k sufficently large, if e > 0, then 


P{Xk, d 2 , e) > 


ArC 


dim Xk 


\ e / 

Set K = \r(. K depends only on Oj, rii, ci, C 2 , and the upper bound placed on e. The upper bound 
can be relaxed for the purposes of Lemma 5.2. We have the third and final condition of Lemma 5.2. 
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